INTERPOLATING HEREDITARILY INDECOMPOSABLE BANACH SPACES 



S.A. ARGYROS AND V. FELOUZIS 

Abstract. It is shown that every Banach space either contains I 1 or it has an infinite dimensional 
closed subspace which is a quotient of a H.I. Banach space. Further on, L P (X), 1 < p < oo, is a 
quotient of a H.I Banach space. 



Introduction .A Banach space X is said to be Hereditarily Indecomposable (H.I.) if for every 
pair of closed subspaces Y, Z of X with Y Pi Z = {0}, Y + Z is not a closed subspace. (By 
"subspace", in the sequel, we mean closed infinite dimensional subspace of X ). The H.I spaces 
are a new and, as we believe, a fundamental class of Banach spaces. The celebrated example of 



a Banach space with no unconditional basic sequence, due to W. Gowers and B. Maurey (|GM|), 
is the first construction of a H.I. space. It is easy to see that every H.I. space does not contain 
any unconditional basic sequence. Actually, the concept of H.I. spaces came after W.Johnson's 
observation that this was a property of Gowers - Maurey example. To describe even further the 
peculiar structure of a H.I. space, we recall an alternative definition of such a space. So, a Banach 
space X is a H.I. space if and only if for every pair of subspaces Y, Z and e > there exist y &Y, 
z S Z with ||y|| = ||z|| = 1 and \\y — z\\ < e. Thus, H.I. spaces are structurally irrelevant to 
classical Banach spaces, in particular to Hilbert spaces. Other constructions of H.I. spaces already 
exist. We mention Argyros and Deliyanni construction of H.I spaces which are asymptotic l l spaces 
( jAD2(| ), V.Ferenczi's example of a uniformly convex H.I. space ( flF^ I) and H.I. modified asymptotic 
i l spaces contained in ADKM ]. 



The construction of such a space is hard and builds upon two fundamental ideas. The first is 
Tsirelson's recursive definition of saturated norms ( |[Ts|| ) and the second is Maurey - Rosenthal's 
construction of weakly null sequences without unconditional basic subsequence ( [ MR| ) . It is natural 



to expect that H.I. spaces share special and interesting properties not located in the previously 
known Banach spaces. Indeed, the following theorem is included in [GM]: Every bounded linear 



operator from a H.I. space X to itself is of the form XI + S, where / denotes the identity operator 
and S is a strictly singular operator. We recall that an operator is strictly singular if its restriction 
to any subspace is not an isomorphism. As a consequence of this theorem, every H.I. space is 
not isomorphic to its hyperplanes. Later on, Gowers proved a new dichotomy for Banach spaces 
(pp. The result is that every Banach space either contains an unconditional basic sequence or 
has a subspace which is a H.I. space. We will use this result to prove our dichotomy related to 
quotients of H.I. spaces. Also N.Tomczak-Jaegermann solved the distortion problem for H.I. spaces 
by showing that every H.I. space is arbitrarily distortable ( |To| ) . 

In the present paper we demonstrate that in spite of the fact that the structure of H.I. spaces 
is irrelevant to that of spaces with an unconditional basis, still, there are ways to connect these 
two classes. Thus we show that the class of Banach spaces which are quotients of H.I. spaces is 
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extensive and, further on, large classes of operators between Banach spaces are factorized through 
H.I. spaces. 



The structure of the quotients of H.I. spaces has also been studied by Ferenczi in [Fl|, who, 
showed that every quotient of Gowers - Maurey space is a H.I. space and, at the same time, there 
exists a quotient of a H.I. space which is not a H.I. space. The answer to the question whether every 
separable Banach space is a quotient of a H.I. space is negative, due to the lifting property of I 1 (N). 
Indeed, as it is well known, every Banach space that has I 1 (N) as a quotient it has a complemented 
subspace isomorphic to I 1 (N) and hence is not a H.I. space. The following result shows that £ l (N) 
is somehow the only exception. To be more precise we prove the following dichotomy: 

Theorem 0.1. Every Banach space X either contains a subspace isomorphic to £ 1 (N) or it has a 
subspace which is a quotient of a H.I. Banach space. 

Further on, every member in the family of the, so called, classical Banach spaces not containing 
^(N) is actually a quotient of a H.I. space. For example, we show that separable Hilbert spaces 
or, even, L p (A), 1 < p < oo, co(N), are quotients of H.I. Banach spaces. We point out, by 
standard duality arguments, that Theorem 0.1. gives that the dual of a H.I. space could contain 
isomorphically LP (A), 1 < p < oo, or £ l (N). 

The proof of these results is quite long and is based upon the following two ingrendients. The 
first is a general construction of interpolation H.I. spaces and the second is the geometric concept of 
a thin or an a-thin norming set. We will say more about these shortly. We now give the definition 
of an a-thin set, suggested to us by B. Maurey, in order to present the factorization results of this 
paper. 

For a null sequence a = (a n ) ngN of positive real numbers and a bounded convex symmetric subset 
W of a Banach space X we say that W is an a-thin set if the sequence (|| || n ) n of the equivalent 
norms on X, defined by Minkowski's gauges of the sets 2 n W + a n Bx, is not uniformly bounded on 
the unit ball of every subspace of X. 

The second result of this paper concerns factorization of operators and it is the following: 

Theorem 0.2. Let T : X — > Y be a bounded linear operator between Banach spaces such that 
T[Bx] is an a-thin set. Then there exists a H.I. space Z and bounded linear operators iq : X —* Z, 
F<i : Z — > Y such that T = F2 o iq. (i.e. T is factorized through a H.I. space.) 

As a consequence of this theorem we show that every T G C (£ p ,£ q ), where p ^ q, p, q S [1, 00) 
is factorized through a H.I. space. Additionally, the identity map / : L°° (A) — ► L 1 (A) is also 
factorized through a H.I. space and so is for every strictly singular operator T G C (£ p ,£ p ) . 

The next result of the paper refers to the structure of the H.I. spaces. As we have already 
mentioned at the beginning, Gowers and Maurey have shown that for X a H.I. space, every T 
in C (X,X), is of the form XI + S. It is not known whether a Banach space X such that every 
T in C (X,X) is of the form XI + K, where K is a compact operator, does exist. However, the 
construction of strictly singular but not compact operators on a H.I. space does not seem easy. 
What is already known is a construction, due to Gowers, of an operator T from a subspace Y of 
Gowers - Maurey space X to the whole space which is strictly singular and not compact. It is 
shown here that H.I. spaces with many strictly singular non compact operators do exist. More 
precisely we have the following result: 

Theorem 0.3. There exists a H.I. space X with the property that for every Y subspace of X there 
exists a strictly singular non-compact operator T £ £ (X, X) with the range ofT contained in Y. 



The last result of the paper that we would like to mention concerns t p — saturated Banach spaces. 
We recall that a Banach space X is said to be ^-saturated, for p € [1, oo), if every subspace of X 
contains a further subspace which is isomorphic to t v . (The class of co-saturated Banach spaces is 
similarly defined). 

Theorem 0.4. Every reflexive Banach space X with an unconditional basis contains a subspace Y 
satisfying the property that for every p £ [1, oo), there exists an £ p -saturated space Z which has as 
quotient the space Y . The same holds for some CQ-saturated space Z . 

We also show that when X is equal to some L q (X), 1 < q < oo, the subspace Y coincides with 
the whole space. Probably, the most interesting case of the above theorem is that of the quotients 
of co-saturated spaces and we mention that D.H. Leung (|]LeJ) has shown that separable Hilbert 
spaces are quotients of co-saturated spaces. Our methods are different from his. 

We now move on to describe how the paper is organized and also to explain briefly the basic 
ideas of the proofs of the theorems mentioned above. 

As is indicated in the title of the paper, the general scheme that we follow is interpolation 
methods. It is convenient for us to use the Davis, Figiel, Johnson and Pelczynski's method ([DFJP]) 
which we extend for cases where the external norm is not necessarily unconditional. Thus in the 

/ oo \ 

first section we introduce the d-product norm of the space f?oo = I EI X n I , where (X n ) n is a 

\n=l J oo 

sequence of Banach spaces. Then for a sequence (|| \\ n )n of equivalent norms on a given Banach 



space X and a (i-product norm on f2oo = I Y\ {X, \ \ \\ n ) I we consider the diagonal space AX, in 

\n=l J oo _ 

the completion of f^oo, consisting of the vectors of the form x = (x,x, ...) such that x € X and x 
belongs to the completion of f^oo- That describes the interpolation spaces that we are going to use. 

In the second section we define and study the key notions of thin and a-thin sets. The concept 
of a thin set was introduced in Neidinger Ph.D. thesis (fN|) and it is defined as follows. 

A convex bounded symmetric set W in a space X is called a thin set if there exists e > such 
that for every subspace Z of X and every real A we have that Bz is not contained in the set 
XW + eBx- In a previous version of the paper we exclusively used the notion of a thin set. Then 
B. Maurey made the important observation that everything works if we use the concept of a-thin 
set, introduced above, instead of thin set. To explain the difference between these two notions we 
notice that if W is a thin set then it is an a-thin set for every null sequence a = (a n ) n of positive 
real numbers. We would like to point out that the use of a— thin sets has many advantages which 
allow us to arrive to the present form of the paper. Further on, B. Maurey showed us how to prove 
that B^oa^x) is an a-thin set for an appropriate sequence a. Notice that Rosenthal had observed 
that B L oo(X) is not a thin set ( [|N|| , |N2j | ) . Therefore B Laa ^ separates these two classes. We use the 
a-thin sets in the following manner: Start with a set W which for a sequence a = (a n ) n is an a-thin 
set. Denote also by || || n the equivalent norm defined by the set 2 n W + a n Bx and suppose that 



■DO 



there exists a (i-product norm on f^oo = I W (X, \ \ \\ n ) I which is block H.I. (Definition 2. 3). Then 

\n=l / 00 

the diagonal space AX is a H.I. space. Therefore the use of thin or a-thin sets is the essential tool 
to construct H.I. interpolation spaces. 

The next three sections are devoted to the construction of a-thin (or thin) norming sets. We 
recall that a bounded set W in a Banach space norms a subspace Y of X* if there exists a constant 
C > such that for every x* in Y, ||x*|| < Csup{|x* (w) \ : w G W}. Our goal is, given A, a 
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member of a certain class of separable Banach spaces, to construct a corresponding space Xa and 
a set W, subset of Xa, which is a-thin (or thin) and norms a subspace Y of X A isometric and 
u;*-homeomorphic to A*. It does not seem obvious how to construct such a W even for concrete 
Banach spaces. However there were indications in the literature for the existence of such sets. We 
mention a result due to J.Bourgain in Radon-Nikodym theory that describes a similar phenomenon, 
from which we got the initial idea of constructing such sets. It is proven in [ Bo2| ] that if K is a 



bounded convex set in a Banach space and e > such that the convex combinations of slices of K 
have diameter greater than e, then the set K norms a subspace of X* isomorphic to I 1 (N). It was 
somehow expected that one can construct such sets K, with the additional property to be thin sets. 
Our construction concerns spaces A with an unconditional basis. For such a space A we consider 
an auxiliary space Xa which is of the form (^ (J) i 1 (k n )) . and we "spread" the positive part of 
the unit ball of A on the branches of an appropriate tree in the ball of Xa- Thus after defining 
such a set K, the set W is the set co (K U —K) . It easily follows as a result of this construction 
that W norms a subspace of X A isometric to A* . The difficult part is to show that W is an a-thin 
set. This is not always true. For example if A contains i 1 (N) then W is not an a-thin set. 

In the third section of the paper we prove that W is an a- thin set for some special cases of 
reflexive Banach spaces with an unconditional basis. The case of classical spaces L p (A), 1 < p < oo, 
is included. 

In the fourth section we show that every reflexive space A with an unconditional basis contains 
a block subspace B such that the set W in Xb is an a-thin set. This is the most general result 



that follows for our constructions. The proof depends on some earlier results from [ AMT on the 
summability of weakly null sequences. 

The fifth section contains the proof that the set W, defined for the space cq (N), is a thin set. 

To explain the role of a-thin (or thin ) norming sets let us assume that for a sequence (X n ) neN of 



oo 



separable Banach spaces there exists a d— product norm on f^oo = I Yl X n I which is block-H.L. 

\n=i / oo 

In that case, as we mentioned earlier, the diagonal space AXa defined by the a-thin set W in Xa 
and the block H.I. d-product norm is a H.I. space. Further on, since W norms a subspace of X A 
isometric and w*-homeomorphic to A* we get that A* is isomorphic and u>*-homeomorphic to a 

subspace of (^AXa^J ■ This implies that A is a quotient of AXa- 

The sixth section contains the general construction of block-H.L d— product norms. In particular 
we prove that for every sequence (X n ) n€N of separable Banach spaces there exists a d-product norm 
on the space f^oo = (IlnLi -^Ooo which is block-H.L. This means that for every block normalized 
sequence (x„) ngN in f^oo the Banach space span[(x n ) ngN ] is a H.I. space. We follow the scheme 
presented in the construction of H.I. asymptotic i 1 spaces in [AD2]. Here we use a simpler sequence 



of compact families instead of the Schreier families and hence the proofs are not so complicated. 
For somebody experienced in such constructions it will be clear that it is possible to use either 
the Gowers-Maurey scheme or the asymptotic i 1 scheme and to obtain variations of block-H.L 
(i-product norms. The choice of the particular one has been made because it explains in a simpler 
setting the approach through the analysis of functionals introduced in [ AD2| . 



In the seventh section the final results, including the results mentioned above and some problems 
related to this work, are presented. 

We expect our results to contribute towards the better understanding of the structure of a H.I. 
space and possibly help solve certain problems of the general theory. 
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1. DIRECT PRODUCTS-DIAGONAL SPACES. 



In this section we present a generalization of the Davis-Figiel- Johnson- Pelczynski's interpolation 
method, by extending this to cases where the connecting external norm is not necessarily uncondi- 
tional. We will use this in the next sections to construct interpolation spaces which are Hereditarily 
Indecomposable. 

oo 

Notation. Let (X n , || || n )neN be a sequence of Banach spaces and f2 = n X n their Cartesian 

n=l 

product. 

The support of a vector, denoted by supp(x), is the set of all n G N such that x(n) ^ 0. fioo = 
{x £ Q : supp(x)\s a finite set}. 

The range of a vector i£H, written rangx is the interval of integers [minsuppx, m&xsuppx]. 

x{n) if n G A 
if n i A 



For any ACffwe define a linear transformation Pa ■ Q — > f2 by Pa(x){ji) 



Pn — * {l,...,n}> Pn 



P 



{n+l,....}j 



7T n 



Pi 



For any k G N we denote by 1% : — > Qqq the natural embedding defined by 
x if n = k 
if n^k 



i k (x)(n) 



u \\njn 



Definition 1.1. A Banach space (X,\\ ||) is called d-product of the sequence (X n 
the following conditions are satisfied. 

1. J2qo Q X C and ^oo is a dense subset of X. 

2. \\x\\ n = \\i n (x)\\, for every n G N and x G X n . 

3. P n : X — > X is a bounded transformation for any n G N and for any iel, x = Urn P n x. 



€N if 



If (Xn, || || n)nsN is a sequence of Banach spaces and A is a Banach space with 1-unconditional 
basis (e n ) n£ N then 

oo 

| \ %n \ \ n&n 

n=l 



oo 
n=l 



\ x n MeN| 



G X\X n : 

n=l 

oo 

I l^n I \n&n 

71=1 



< oo > with norm 



is an example of d-product of the sequence (X n ) n( z^. 



By the uniform boundedness principle there exists a C > such that ||P n x|| < C||x||, for any 
x G X and any n G N. Therefore the sequence (X n ) ng N is a Schauder decomposition of the space 
X (for a detailed study of this notion see |LT| ] p. 47-52) 
The family (P n )^ 1 satisfies the following properties: 
(PI) P n oP„ " 
(P2) sup||P n || < oo, 

neN 

(P3) For every x G X x = lim P n x or equivalently, 

n— »oo 
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-fmin{m,n} j 



(P3)' X= [JP n (X). 

n=l 

Conversely if in a Banach space X a family (P n : X — > XJJJL^ of linear operators satisfies 
(PI), (P2), (P3) the space X is the d-product of the family ((P n - P„-i)(X))~ =1 where P = 0. 
The norm 1 1 1 1 of the space X is called: 

(a) C-bimonotone if there is a C > such that ||P4(x)|| < C||x|| for any interval A C N and 
any x £ X. 

(b) unconditional if there is a C > such that ||P4(x)|| < C||x|| for any iCN and any x £ X. 

(c) boundedly complete if for any x £ f2, if sup||P n x|| < oo then iel. 

neN 

(d) shrinking if for any x* E X*, x* = lim P^x*, where 

n— >oo 
n 

P*X*(x) = £5*(7r<(x)) = X*(P n x) 
i=l 

Since (P*)^ =1 satisfies (PI) and (P2) the norm of X is shrinking if and only if X* is a d-product 
of the sequence (X*)^ =1 . 

In the sequel we shall assume that 1 1 1 1 is always 1-bimonote and therefore 



oo X X 



I oo 

oo 



where , p||oo = sup||5(n)|| n , ||x||i = P( n )IU- 

neN n=l 

/ oo \ p 

In general \\x\\e p = I SII^( n )ll P 

\n=l / 

Definition 1.2. Lei (X n ,|| || n )neN be a sequence of Banach spaces such that X n — X\ and || || n 
is equivalent to || ||i for any n £ N. Let X be any d-product of the sequence (X n , || || n )neN- 
The diagonal space AX of X is the (closed) subspace of X consisting of all x £ X such that 
x(n) = x(l), for any neN. 

Define J : AX — > Xi, I : AX -> X, tti : X -»■ Xi 6y J(x) = x(l), I(x) = x, tt^x) = x(l). 

Then J = tt\ o I and J is a 1 — 1, linear, continuous transformation. 
The operator J is not always an isomorphism, i.e. J (AX) is not necessarily a closed subspace of 

If the norm of X is boundedly complete and shrinking then J has an interesting property, it is a 
Tauberian operator. 

Definition 1.3. fCWfl An operator T : X ^ Y is a Tauberian operator iff (T**)~ l (Y) C X 
(for a study and characterizations of Tauberian operators see Q, jNR|| ). 

oo oo 

The dual X* of X is identified with a subspace of Y\ X* by the 1 — 1 linear map r* : X* — > ]^ X* 

n=l n=l 

where 

r*(x*) = «) neN 
and a^n( x ) = %*(in(%)), for any x 6 X n . 



The space X* is not always a d-product of the sequence (X*) n ^. This happens if and only if 
the norm of X is shrinking. 

oo 

We also define r** : X** -► f\ X** by 

n=l 

r**(x**) = «*) neN 
where x**(x*) = x**(i*x*), for any x* G X* and n G N. 

The map r** is linear but not always 1 — 1. The latter condition is satisfied if the norm || || of 
X is shrinking. We notice that the space X is reflexive if and only if each X n is reflexive and the 
norm of X is boundedly complete and shrinking. (The proof is similar to that of the corresponding 



theorem of James for spaces with Schauder basis [LI]) 



Proposition 1.1. Assume that the norm of X is shrinking and boundedly complete then J : AX — ► 
X\ is a 1 — 1 Tauberian operator. 

Proof. We denote by J n : AX — » X n the operator 7r n o I. Since X is shrinking each x* in X* is 
represented as (x* ) n <=N and hence 

(1) I*( x n)n<=N = (Jn x n)neN 

Also, since X is boundedly complete for any x** in (AX)** we have by (@) 



(2) I (x ) = { J n x ) nGN 

I** is an isometry, therefore J** is 1 — 1. 
Suppose now that J**(x**) € X 1 then (J**x**) nGN G X and by (§), J**(x**) G AX, hence x** G 
AX. 

Therefore (J**)" 1 (Xi) C AX. □ 

Definition 1.4. Lei W be a bounded convex symmetric non-empty subset of a Banach space 
(X, HI HI), a = (a n )^ =1 a null sequence of positive numbers and W n = 2 n W + a n Bx- 
Let \\\\ n be the Minkowski functional of W n which is a norm equivalent of \\ \\\, (X, || || n )neN be 
the above defined sequence of Banach spaces and X be any d-product o/(X, || || n )neN- The diagonal 
space AX is called the (a, X, VF)-diagonal space, or simply, a diagonal space. 

Remark 1.1. If a n = 2 n for every n and X = I ^ © X n ) then the (a, X ,W)- diagonal space 

\n=l ) p 

is the space introduced in [DFJP]. 

Proposition 1.2. Let AX be any diagonal space of the sequence 
(X, || || n ) ne N- Then the following hold: 

(a) WCJB A x 

(b) For every e > there exists A > such that 



JB AX ^ XW + eB X- 
7 



oo 

Proof. : (a) If w G W then \\w\\ n < and therefore ||(w;,tt>, ...)|| < ^ < 1 

n=l 

(b) If x G JB A x then ||x|| n < 1 and so x G 2 n I^ + a n Bx for every n G N. Choose n such that 
a n < e. Then z G 2 n W + eB x so J5 A ^ C 2 n W + 

Definition 1.5. Let (X, \ \\ \) be a Banach space, A,BQX and e > 0. 
We say that 

(i) The set A e-absorbs B if there exists a A > such that B C \A + £-Bx- 

(ii) The set A almost absorbs B if A e-absorbs B for any e > 0. 



The following Lemma is due to A.Grothendieck ([Gr]) and for a proof see 



Lemma 1.3. Let K be a weakly closed subset of the Banach space X. 

Suppose for each e > there exists a weakly compact set K £ in X such that K C K e + eBx 
Then K is weakly compact. □ 

Proposition 1.4. Let AX be a (X ,W)- diagonal space such that the norm of X is boundedly 
complete and shrinking. Then AX is reflexive if and only if W is relatively weakly compact subset 
ofX. 

Proof. . If AX is reflexive then W is a relatively weakly compact subset of J AX since J~ 1 (W) is 
a closed convex subset of B AX . 

For the converse we observe that by Proposition (b) W almost absorbs the set JB^ X and hence 



from Lemma 1.3 JB^ X is relatively weakly compact set . It follows that JB^ X C Bx hence 



J** (AX**) C X. Since J is a Tauberian operator we get that AX = AX**. □ 

2. THIN SETS 

In this section we start the study of thin and a-thin sets that we will continue in the next three 
sections. The notion of a thin set was introduced in R,[N2] and that of a— thin set , which is 



weaker, was suggested to us by B.Maurey who also showed us how to prove that the unit ball of 
L°° (A) is an a-thin subset of L 1 (A). It was observed by Rosenthal ( ]N|] , [ |N2f ) that this set is not a 
thin subset of L 1 (A) . 

Thin or a-thin sets are important for our results since the interpolation diagonal space defined by 
an a-thin set (and hence by a thin set) and an appropriate external norm is, as we show in this 
section (Proposition |2.4|) , an H.I-space. 



Definition 2.1. a) A bounded convex symmetric non-empty subset W of a Banach space X is said 
to be a thin set if W does not almost-absorb the unit ball By of any infinite dimensional closed 
subspace Y of X. (i.e. for any Y, infinite dimensional closed subspace of X, there exists e > 
such that for all A > 0, By XW + eB x )■ 

b) An operator T : Z — > X is called thin ifTBz is a thin subset of X. 

Remark 2.1. (a) There are several examples of thin sets . The closed convex hull of the basis 
( e n)^Li in any i v (N),/or 1 < p < oo, or cq (N) is a thin set. 

(b) Every thin operator is always a strictly singular operator. The converse is not true. Indeed, as it 
is shown in H and we mentioned above the set B^oo^x) in L l (A) is not a thin set and the identity 
operator I : L°° (A) — > L 1 (A) is a strictly singular operator. 
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(c) It follows easily from the definition that if W is a thin subset in a Banach space X and 
a = (on) nS N is a null sequence of positive numbers then the sequence of equivalent norms(\\ || n ) nG N 
on X defined by the Minkowski gauges (2 n W + a n Bx) n€N are not uniformly bounded on the Bz , 
for every Z infinite dimensional closed subspace of X . 



Definition 2.2. a) Let a = (a n )^? =1 be a null sequence of positive numbers. W is said to be a a- 
thin subset of X if for any Y , infinite dimensional closed subspace of X, sup < sup ||y|| n \ = °°> 

ngN yy&By J 

where \ \ \\ n is the gauge ofW n = 2 n W + a n Bx ■ 

b) An operator T : Z — > X is called a-thin ifTBz is an a-thin subset of X. 

Remark 2.2. Every thin subset of X is a-thin for every null positive sequence a and every thin 
operator is a-thin for every null positive sequence a. An a-thin operator is strictly singular. In 
particular if W is a a-thin set then the operator J is strictly singular. 
The two notions are not equivalent. More precisely we will show 

(Lemm< ^r\ ,Proposition ) that the unit ball B^oonn^n of L°°([0, 1]) is an a— thin subset of 
L l ([0, 1]) for an appropriate positive null sequence a. Therefore ,as follows from Remark (b) , 
the identity operator I : L°° ([0, 1]) — > L 1 ([0, 1]) is strictly singular but not thin. 
A natural question that arises is if a strictly singular operator is a-thin for some null positive 
sequence a. 

Lemma 2.1. Let Z be an infinite dimensional subspace of L2[0, 1] such that Z C L p [0, 1] for every 
p < oo and let 



C p (Z)=sup{\\f\\ p :f£Z and ||/|| 2 < l} 



then 



y . t C p (Z) _i 
lrmrnf— > e 2 

Proof. Let us choose an orthonormal basis f = f n , ...) for our subspace Z of L%[0, 1] and let 

us fix p > 2. By assumption,we have Z = span[fj]JL 1 C L p [0, 1] and C P (Z) is equal to the smallest 
constant K such that 



n 




n 






< K 








V 







for all n > 1 and for all real scalars (c,-). 

For a subspace G of ^2(0, P)spanned by a Gaussian system g = (gi, ...g n , ...) of independent random 

1 2 

variables with the common distribution (2ir)~2e~ x dx ,we know that all linear combinations 22 j c j9j 
such that 2~2j \ c j\ 2 = 1 have the same distribution , namely that of g\ , therefore 

n 

(2.1) =C P (G) 



n 
3=1 



for all real scalars and 



(2.2) 



/ +00 

C P (G) = \\gi\\ p = j [ 



x\ p e 2 



dx 
2tt 



22 _ fp + 1 



(2 - 3) = V vi- v 2 

as p — > 00, using Stirling's formula.. 

n 

Let us consider ^ fj{s)gj{t)My (1) we get that 
j'=i 



/ 



E£ 

i=i 



eft = (C p (G)f ( J] 



therefore if p > 2 



d s dt = (C p (G)) p |^l^( s )| 2 j ^ 



> (C P (G)) P || |e l/,( s )| 2 j = ™ f 



On the other hand, 



cfa < (c p (z))" (ElwWI 2 



E/i 

j'=i 



(n \ 2 



and 



i \ 2 +°° 

<P<P,n)= I |El*(*)| 2 J rft = jfj|xfd 7 n(a:)=t;„-i | r^e"^' 
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where f n _i is the surface of the unit sphere in M ra .By change of variable , 
n)=v n -i 5- / -u 2 2 e dn = i; r) ,_i — — r 

~7r) 2 J 7T 2 V / 



(2tt)- 

v y 



Taking p = 2 gives 



so that 



Summing up our informations, 



n = V (2,n) = ^rQ + l) 

7T 2 V Z / 



<P(P» n ) = <P(P, n ) = 2 g-i r (f + 1) 

n ^(2,n) r(f + 1) 



r(f) 

n5C p (G) < C p (Z)(^(p,n))p 



or 



We know by Stirling's formula that for any fixed x > we have that T(t + x) ~ t :E r(t) when t tends 
to +oo. Applying this with x = | we get 



lim , , . 

n^+ooV n \ r (f) 

and it follows that 

C P (G) < C P (Z) 

This says that the Gaussian case is the best possible inequality between the L p and L2 norms. By 
(2) we already know that C p (G) is equivalent to y^f and this concludes the proof. □ 

Proposition 2.2. The unit ball Bl x is an a— thin subset of L\ for a = (a n ) n with a n = 16 _n . 
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Proof. Assume the contrary;then there exists an infinite dimensional subspace Z of L\ and M > 
such that 

— B z C 2 n B Loc + a n B Ll 

for every n G N. 

So, every z *E Z with [^[j < -i has a decomposition z = zq + zi with ||zo|| < 2 n and H^iHj < 
16 _?l .This implies that 

P (s G [0, 1] : |z(s)| > 2 n+1 ) < P(s £ [0, 1] : |*i(«)| > 2 n ) < 2~ n a n 
Let A > 2 and n > such that 2 n+1 < A < 2 n+2 .We get that 
P( S G[0,l]:|z( S )|>A)<fexp (=g) 
Then 

2 

We set s = (4 J and we get that 

+oo 

\\z\\ p p <2 p + P4P- 1 J 8^- x e-'ds = 2P+ pA p - l T ' '" ~ ' 
o 

Applying Stirling's formula we have that 

\\z\\ p < O (pi 

when p — > +oo, uniformly for z in the unit ball of Z contradicting the Lemma 2.1 □ 



Notation a) For A, B finite non-empty subsets of N we write A < B iff max A < minP. 

/ oo \ 

b) If x,y G I n X n J we write x < y iff supp(x) <supp(y). 
\n=l / oo 



>3C 



c) A sequence (5 n )neN °f non-zero vectors of I Y\ X n I is said to be a block sequence if x n < 

\n=l J oo 

x n+ i for any n G N. 

d) If X is any d-product of a sequence (X n , || || n )neN of Banach spaces then a block subspace of 
X is the closed linear span of a block sequence (xk)keN- 

Proposition 2.3. Let X be a Banach space, a = (a n )^ =1 a null sequence of positive numbers and 
W a Si-thin subset of X. 

We denote by \ \ \\ n the n th equivalent norm defined by the set 2 n W + a n Bx and Y be the (a, W, X)- 
diagonal space. 

Then for any e > and any infinite dimensional closed subspace ZofY there exists a block subspace 
X\ of X and an infinite dimensional closed subspace Z\ of Z which are (1 + e) -isomorphic. 
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Proof. . Given < e < 1, we say that a normalized vector x £ X has (1 — e)support the interval 
E = [n,m] if max{||P n x||, ||P m c£||} < §. 

We identify Y with the linear space AX = {y £ X : y = (y,y, ...)}• 

We start with the following observations: 

(1) Any space (X, \\ \\ n ) is isomorphic to (X, || ||i), so 

For any e > and n £ N there exists 5 > such that if y £ Y, \\y\\i < 5, then ||P n y|| < £j where 

y = (y,y, ■•■)■ 

2) Since VF is a thin set and almost absorbs the set JY we get that J is a thin operator and hence 
a strictly singular operator therefore any 5 > and any Y', infinite dimensional closed subspace of 
Y, there is y £ Y' such that ||y||y = 1 and ||y||i < $■ 

Observations (1) and (2) permit us to use a "traveling hump argument" to construct in Y 1 a 
normalized basic sequence (yi)ieN an d a sequence (£ , j)j G pj of intervals of N such that Ei < Pj+i and 
any yi has (1 — £j)-support the interval Ei, where (ej)^ 1 is a given sequence of positive numbers. 

oo 

It is easy to see that (yi)iefi is (1 + e) equivalent to (Eii/i)^, provided < min {§, |}- □ 

Definition 2.3. a) A Banach space X is called a hereditarily indecomposable space or H.I- 
space if X has no subspace that can be decomposed as a topological direct sum of two infinite 
dimensional subspaces, or equivalently for any pair of infinite dimensional subspaces Y ,Z of X and 
any e > there exist y £ Y , z £ Z such that \ \y — z\\ < e\\y + z\\. 

b) A d-product X is called a block-H.I space if any block subspace of X is an H.I space. 

Proposition 2.4. Let AX be the (W, X) -diagonal space produced by a a-thin set W of a Banach 
space X and such that X is a block-H.I space. Then AX is a H.I-space 

Proof. Suppose that AX is not a ii". /-space. Then there exist Y\,Yi infinite dimensional closed 
subspaces of AX and e > such that ||y — z\\ > s\\y + z\\, for any y £ Y\, z £ Y^. We can 
construct a sequence of vectors y±, zi, y2, Z2, and a sequence of intervals Ei, Pi, E%, F2, ... such 
that yi £ Yi, z\ £ Y2, E\ < F\ < E2 < P2 < each yi has (1 — ^i-)-support the Ei and z\ has 
(1 — ri-)-support the interval Pj. 

We set Y( = (Em)^, Y£ = (F&fi^ and Z' = (Em, E^ij°T v Then Y{, Y 2 ' are block subspaces of 
Z' and there exists a constant e' > such that for every y £ Y{ and z £ Y£, \\y — z\\ > e'\\y + z\\ 
therefore Z' is not an P.Pspace, a contradiction. □ 

Definition 2.4. A bounded subset W of a Banach space X is called a C-norming set for a 

subspace Z of X* , where C is a positive number,if 

\\z\\ < C sup for any z £ Z. 

wew 

The set W is a norming set for the subspace Z if it is C-norming for Z for some C > 0. 

Proposition 2.5. Let Y be any diagonal space produced by a subset W of a Banach space X, which 
is a C-norming set of a subspace Z of X* . Then Z is isomorphic to a closed subspace ofY*. 

Proof. Denote by J* the adjoint of the operator J. From our assumption for any z £ Z there exists 
w z £ W such that < 2C\z(w z )\. 

Since W C £y,||J*z|| > | J*(J~ 1 (w z ))\ = \z(w z )\ > ^\\z\\. Therefore J*\z is an isomorphism onto 
a subspace of Y* □ 
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Proposition 2.6. Let X,Y, Z,W as before and A a Banach space such that A* is w* -isomorphic 
to Z. Then A is a quotient ofY. 



Proof. Let S : A — > Z be a ^-continuous isomorphism. Then J* o S is also a u>*-continuous 
isomorphism hence (J* o S 1 )* maps the space Y onto the space A. □ 

3. THIN NORMING SETS I 

(special reflexive cases) 

This is the first section devoted to the a— thin (thin) norming sets. 
An a— thin subset W of a Banach space X is norming for a subspace Y of X* if it defines an 
equivalent norm on Y (Definition |2.4| ). 

In this section, for a reflexive Banach space A with an unconditional basis we construct a space Xa 

which is of the form I ^ (B^ 1 (fen) I and a symmetric convex closed subset W of the unit ball 
Vn=l / ^ 

of Xa which, in certain cases, is an a— thin subset of Xa and norms a subspace of X\ isometric to 
A*. 

The set W is of the form cd(K U — K) where K forms a tree in the branches of which we have 
"spread" in a regular way a dense subset of the positive part of the unit ball of A. 
The fact that such a W norms A* is quite easy and it is true for all reflexive Banach spaces A with 
an unconditional basis. 

The difficult part to be shown is that W is an a— thin set. For this we need certain measure- 
theoretical combinatorial results. 



The first, Proposition 3.4, "the finite version", will be used in the next section and the second, 



Proposition pi], "the infinite version" , will be used in this section. 



The property (P) given in Definition 3.1 is the main tool we use to show that for certain classes 
of reflexive spaces the corresponding set W is an a— thin set. The formulation of this, in a slightly 
different form, was suggested to us by B.Maurey. 

We show that if A satisfies the property (P) then the set W in the space Xa is an a— thin set for an 
appropriate sequence a. Thus we are able to prove that for spaces like L p (A) , i v (N) , 1 < p < 00, 
and others, the corresponding set W is an a— thin set. 

Finally we prove a corresponding result for spaces with many complemented subspaces, suggested 
to us by N. Tomczak-Jaegermann. 

(a) Definition of the space 
For every reflexive Banach spaces with 1-unconditional basis we shall construct a Banach space Xa 
and a subset W of Xa which is norming for a subspace Z of X A isometric to A* and it is a-thin, 
for an appropriate sequence a if A satisfies some general further condition. 

Consider a tree D of height to with a least element g such that every 8 in D with height equal to 
n has 3 4 ( n+1 ) + 1 immediate successors. We can define D as the set of all finite sequences (k\, ...k n ), 
n 6 N of natural numbers such that < fej < 3 4j and with least element the empty sequence. 
Consider the partial order -< in £>: (fei, ...fe n ) -< (fe^,...,fe«) iff (fei,...,fe n ) is an initial segment of 
(fe^, k'f), i.e. n < £ and fej = k[ for any i = 1,2, ...,n. We write s □ 7 if s is an initial segment of 
7- 

A segment is a subset of D of the form d = [61, 62] = {8 G D : Si -< 6 -< 62} ■ 
A segment d of the form d = [p, 5] is called an initial segment of D . 

For every segment d = [<5i,52]we define ext(d) = [p, 62]. 
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A branch is maximal linearly ordered subset of D . 

A branch is identified to an infinite sequence (ki)i^ of natural numbers, where < ki < 3 41 
The height of 5 = (ki, k n ) is denote \8\ and it is equal to n.We set \p\ = 0. 
We denote by cqq(D) the linear space of all functions / : 33 — > R such that supp(f) = {5 G D : 
/(<5) 7^ 0} is a finite set. 

Also, denote by e$ the characteristic function of {5}, 5 £ T>. The vectors (es)seVi form a Hamel 
basis for cqo(D). 

If A, B are finite subsets of D we write 

A < B iff max{|a| :a£i}< min{|/3| : (3 G 5}, and 

A -< 1? iff a -< (3 for any a £ A and any (3 £ B. 

If / G coo(S), we set range (f) = {5 £ D : \a\ < \8\ < \/3\ for some cn,/3 Gsupp(/)}.We call the set 
range (/) the range of /. 

If /, g G coo(S) we write f < g iff supp(f) <supp(g) and / -< g iff supp(f) <supp(g). 

For a given space A with an unconditional basis (e n ) ne N we define the following norm of coo(33): 

For / = ^ A<5e,5 G c o(£>) we set 
<5es 



n=0 \|<5|=n 



We denote by Xa the completion of cqq(D) with the above defined norm. 

It is clear that Xa is isometric to I 0^ 1 (^«) ) f° r some sequence (k n )%L 1 and if A has a 

\n=0 /A 

/ 00 \ 

shrinking basis = I ^ 0^°°(&n) I . If A is reflexive Banach space then Xa is also reflexive. 
Vn=o / a* 

Set y* = Yl e s an d ^* = {(Vn)neN)- Then ||y*|| = 1 and it is easy to see that Y* is isometric to 

|<5|=n 

A*. In the sequel we consider reflexive spaces A which the basis (e n ) n£ N of A is 1-unconditional. 



b) Definition of the set W 

For every 8 = (ki, k n )we set as = Jgr 

For any infinite branch 7 of D we denote by x 7 the typical series 

x 7 = ^ases 

where 8 n = (k±, k n ) £ D the initial segment of 7. 
Also we set 

00 h 
III I ' — \ n 

infill - z^34^ e<5 " 

n=0 

It follows from the definitions that if |||x 7 ||| < 00 then x 7 G Xa and ||x 7 || = \ \\x^ 
We set 
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K = {x 7 : ||x 7 || < 1} and W = cd(K U —K) 



The set W is a closed bounded symmetric convex subset of Bx A ■ 

Lemma 3.1. The set K (and so W) is a \-norming set for the space Y* C X\. 



Proof. Let y* = \ k y* k G Y* such that ||y*|| 
k=i 

oo 

Define z* = £ A fc e* G A*. Then ||z*|U* = ||y*|| = 1 
k=l 



oo 

fe=i 



Let z = Yl P^k^k G ^1 be such that |z*(z) 
k=i 

bimonotone 



oo 

Y ^kUk 
k=l 



1. 



1. Since (e n )„ e N is 1-unconditional and 



< 



Mfc>0 



+ 



Mfe<0 



So, we can suppose that 



> 



2- 



For any A; G N we define n k G N as follows. 

(i) If //fc < then n& = 

(ii) If //fc > then n k is the unique natural number with the property 

nfe < a, s n fc+ 1 

Since (e n )neN is bimonotone, < 1 for any fc G N and therefore n k < 3 4fc for any k G N. 
Let 7 = (ni,7i2, ...), an infinite branch of D. Then 



34A; e fe 



fe=i 



< 



fc=i 



< 1, i.e. x 7 G if. 



And, 





oo 












\y*(^)\ = 


fc = l 




Mfe>0 


> 







Mfc>0 



> 



> 



ri>l - In,,* 



k=l 



and the proof is completed. 



□ 



In the following lemma <p is a function on Xa which is either 

i) 4>(x) = y*(x) for some non- negative functional y* or 

ii) 4>(x) = \ \x\\. 

In fact we may consider any real valued bounded sublinear function 4> on Xa such that for any 
segments di, di of T) with d\ C cfo, < 4>{ x di) < 4>( x d2)- 

It is more convenient to consider the set Wq = co (K U —K) instead of W = Wq. 
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Lemma 3.2. Let E be a subset of D of the form E = {6 G T) : m < \S\ < M}, (f> a function on 
Xa as before and e > 0. 

There exists a decomposition of E into two disjoint subsets E' , E" such that 

(1) \4>{E'w)\ < e for every w £ Wo 

(2) If d = [61,62] is a segment of the tree such that \6±\ < m, l^l > M and d n E" 7^ then 
\<KEx A )\>e. 

Proof. For every 6 G E let extE{6) = ext{6) Pi E = [5 E , 5], where 6 E is the unique element of E 
such that 6 E < 6 and \6 E \ = m. We set 

E" = {6 G E : \\x ext (6)\\ < 1 and 4>(x extE{5) ) > e} 
E' = E\E" . 

Let w G Wo, then Ew can be represented as 

Ew = y^XdXd 

del 

where L is a subset of segments of E such that ||x ex t(d)|| < 1 for every d G L and Yl \^d\ < !• 

ddL 

For every d G L the set d' = d H E' is either empty or a segment of E and (p(xd') < e. So 
\4>(E'w)\ < Yl I'M \<f>(%d')\ < e i which proves property (1). 

Property (2) of E" is obvious □ 



The following two Propositions 3.4 , 3.£ ,are of combinatorial nature and we will use them to 
show that the set W is an a-thin set. Both are related to the existence of incomparably supported 
elements of the set W .The present form which is a variation of our original approach suggested by 
B.Maurey. 

The following lemma is well known and the sake of completeness we give a proof of it. 

Lemma 3.3. Let (f2,/x) be a measure space with /x(f2) < 1 and let B\, ...,-Bjy be measurable subsets 
of 0, which satisfy /u(-Bj) > e for i = 1, N. If k < iVe i/iere exisi -Bjj ..-Bj fc 1 < i\ < ••• < < n 

smc/i i/iat Pi 7^ 0. 

v 

Proof. If not then the function ^ s bounded by k on O and therefore 

8=1 



a contradiction. □ 
Next we prove the first incomparability result released to finite families of elements of the set W . 
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Proposition 3.4. Let (Ei)™ =1 be a finite sequence of subsets of '2) of the form 
Ei = {8 G D : m* < \8\ < Mi}, m i; Mj EN, m, < M; + i for i = 1, n-1. 

Then for every e > 0, x* G -B^ A arad (wj)f =1 a /miie sequence of vectors of Wo there exists a 
partition D i, D]\r of {1, 2, n} and Fi C Ei for i = 1, ...,n such that 

(1) If r,s belong to the same set Di and r < s then ext(5) n -F r = /or every 5 £ F s (i.e. the sets 
(F r ) rg £) i are pairwise incomparable for every i = 1, ...,N) 

(2) x* ((Ei\Fi)wi) < e for every i = 1, n 

f5j T/ie number N of the members of the partition is less than 

Proof. Applying lemma |3.2| we find for every i = 1, ...,n a decomposition of into two disjoint 
subsets E'i, E'l such that 

(a) \x*(E[wi)\ < | 

(b) If d = [81,82] is a segment such that \8\\ < rm, I&I > Ms and dPiE" / then > §. 
For every i = 1,2, n the vector -E^i/^ has a representation 



where Li is a set of segments of Ei with ||a? e zt(d)|| < 1 f° r every d £ Li and ^ < 1. 

deLi 

This representation defines a positive measure m on the set 

seg(Ei) = {d : d is a segment of Ej and ||x e a:t(d)|| < 1} 
,with < 1, as follows: 

m(A) = I Arf| for every A C seg(Ei). 

deAnLi 

For every S 1 C {1, n} and every « G {1, n} we set 



4' 



d G se^E*) : ext(d) n [ |J E " ) ^ 

;6S\{i} 



Given any non-empty subset J of {1, n} we inductively define a non-empty subset D)J) of J by 

the following manner: 

Suppose that J = {i\, ...,i m } then 

(1) minJ = ji G £>(J). 



(2) z 2 G £>( J) if and only if ^ (Ag i} J < f . 

(3) If k < m and we have selected the elements j r } of D{J) up to k — 1 then the i/~ will 
belong to D( J) if and only if 



^ (^{ii, -,>}) < 2" 
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This complete the inductive definition of D(J). 
We set also 



Fj = |<5 G E'J : ext{8) n |J : s < j, s G D( J)} = 0} 



for every j G D(J). 

The sets (Fj)jeD(j) are pairwise incomparable by definition. 

We show that |x*(i2j\i<j)wj| < e for every j G D(J). 

For d G Lj we set d' = £7j n d, d' a ' = Fj n d and d' 6 ' = (E"\Fj) n d. 

It is clear that for every d G Lj d£' G ^£>(j) and since /ij f^^j)! < | we S e * that 



|x*((^\^H)l<k*(^>i)l + 



We define the partition D\,...,Dn of {1,2, ...,n} as follows: J\ = {l,...,n}, Di = D(J\), J2 
J±\Di,D2 = D(J2) and we continue until the set Jn+i will be empty. 
It remains to show that N < \. 

Indeed, since Lv 7^ let r G Jn- Then \i r ( A r D ) > I for j = 1, N — 1. 



If iV > £ then (JV - 1) § > f . By lemma |3j 

we can select Dj 1 , Dj k with ji < ... < jj, and 

P| A r D . 7^ for some k such that |/c > 1. 



Let d G P| A r D . then for every s = 1, k there exists r s G Dj s such that df)E" s 7^ so x*{E ra d) > | 



s=l 



and x*(x ex j(rf)) > |fe > 1 which is a contradiction. □ 

Before we prove the infinite analogous of the above proposition we give the statement and the 
proof of a known auxiliary result. 

Lemma 3.5. Let (f2, fj) be a measure space with /i(O) < oo, e > and (B n )^ =1 be a sequence of 
measurable subsets of £1 such that n(B n ) > e for every n G N. There exists an infinite subset M of 
N suc/i that P| B n ^%. 

Proof. Since < 00, it follows that 

(00 00 \ 
n U Bn ) - limmf K B n) > £• 
n=lm=n / 

Hence lim sup B n 7^ and for to G lim sup B n there exists M infinite subset of N such that u G 

n B n . □ 
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Proposition 3.6. Let (E n )^ =1 be a sequence of subsets of D of the form 
E n = {5 G D : m n < \S\ < M n }, m n , M n G N and m n+ i > M n Vn G N. 

For every sequence (ro n )™ =1 of vectors of Wq and e > there exists an infinite subset I of N and 
F n C E n for every n £ I such that 

1. The sets (F n ) n& i are pairwise incomparable 

2. For every n G I, \\{E n \F n )w n \ \ < e. 

Proof. We apply Lemma |3.2| to find a decomposition of each E n into two disjoint sets E' n , E'^ such 
that 

(1) ||£> n ||<§ 

(2) If d = [Si, 62} is a segment with |<5i| < m n , | <5^2 1 > M n and d n -E 1 " 7^ then ||£J n Xd|| > §. 
For every n G N the vector E n w n has a representation as 

where L n C seg(E n ) = {d : d C -E" n and | |ic ea ;t(<z) || < 1} and 
£ |A d | < 1. 

d£L n 

This representation defines a positive measure fi n on seg(E n ) as in the previous proposition: 

(A) = 2 |A d |, for every A C seg(E n ). 

d£AnL„ 

Consider any probability measure 1/ on the compact metrisable space V of all infinite branches of 
D such that v(Wd) 7^ for every d segment of the tree, where W d is the basic clopen subset of F 
consisting of all branches that contain d. 

For instance we can consider the natural measure v defined by 

K km 

for every 5 G T), where k n = #{5 G D 
We define a measure \i on T as follows 
For every clopen subset B of T 

where the limit is taken with respect some non-trivial ultrafilter il on N. 

Using a diagonal argument we may actually assume that this limit is an ordinary limit ,by passing 
to some subsequence and we shall consider that this subsequence is the whole sequence of natural 
numbers. 

For every n, s G N with n < s we define 

B n = { 7 €r: 7 n<V0} 



\S\=n}. 



hm > 

deL n 



y(w d nB) 

v{W d ) 



A s n = {de seg(E s ) : ext{d) n < / 0} 
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and observe that if d £ A s n then Wd C B n and if d € L s \A s n then n -B r , 
Therefore 

and so for every n £ N 



(1) 



fi(B n ) = lim /i s (AJ 



Claim: For every infinite subset I of N and 9 > the set 4 = {n £ I : fi(B n ) < 6} is infinite. 
Indeed, otherwise there exists an infinite subset J of I such that fJ>(B n ) > for every ra £ J and 



by Lemma 3.5 there exists an infinite subset J' of J and 7 £ |~) -B n . For every n £ J', 7 n .E" 7^ 

neJ' 



and so ||£'^x 7 || > § for infinite values of n. Select 5 n £ fl 7 then ||x e a;t(5„)l| < 1 so 
which contradicts the fact the basis of Xa is boundedly complete. 
We define 



< 1 





= in £ N 


4 


= {sell 


- 1 ni 





2 2 



i(^ni) < ^2} 



ni = min/i, 
and 



and inductively for k > 1 



p 



n £ 4 : /i(B n ) < j > 
S £4 +1 :/x„ fc+1 (^ fc+i )<^} 



5 £ K k+i : exi(<5) n [ Q< 



n fc+ i = minifc+i, 
and 




By the previous claim and relation (||) the sets 4+1, 4+1 are infinite subsets of 4 and since 

(2) /w^ +1 )<^r- 

We set I = {rti,n2, ...} and we observe that the sets {F nj )JL l are pairwise incomparable by their 
own definition. 

We show that \\{E nk \F nk )w nk \\ < e. 

If k = 1 it follows for the fact that F ni = E 1 ' . 

Let k £ N and set r = n^+i. Consider the set: 

A- = U ... U A r Uk . 
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by @ we get that 
(3) 



Mr(A)<^ + .-+2^T<|. 



Let d £ A r then ext(S) n E^. = for every 5 E d and i = 1, k, so d C F r . Conversely if d E A r 
then d n F r = 0. So 

||«\F r K|| < ^ |A d | ||«\F r )x d || < < \ 

d£L a nA r 



Finally we have 



\\(E r \F r )w r \\ < \\(E' r w r \\ + \\(E>;\F r )w r \\ <£ + £= e . 



□ 



Definition 3.1. Lei {A, || \ \a) be a reflexive Banach space with an unconditional basis (e n )^? =1 . We 
say that A satisfies the property (P) if there exists a sequence {Ck)^ = i of positive numbers, such 
that: 

For every block sequence (x n )'^ > =1 of (e n )^ =1 and every k E N there exists a normalized block se- 
quence (y n )5£Li °f ( x n)^=i satisfying the following condition. 

For every infinite subset MofN there exists E C M and (A ra ) ng £ Q ^ + , (Vn)neE Q P>a* such that 



(i) 



< 



(ii) 



suppy* n C suppy n and y*(y n ) > ^ for every n 



E E 



(iii) 



For every x E F>a, 



raG-E 



y*n{x)y n 



Remark 3.1. Condition ([iiy in the above definition is equivalent to say that the norm of the op- 
erator P : X — >< (y n ) n £E > defined by the relation P(x) = Yl Un( x )yn is dominated by C k . 

There other conditions which imply condition fiii\ ) and in some cases is more convenient to be 
checked. We give two of them that we will use later: 



(PI): 



< a 



n£E 

(P2): \E\ < C k 
In the sequel by property (Pi 
replaced by (Piji = 1,2. 
(P2)=>(P1) is obvious. 



1,2 we will mean property (P) where the condition has been 
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The implication (Pl)=z-(P) follows from the unconditionality of the basis (e 
Indeed, given{y n ) n& Ei (lJn)n€E such that the condition (PI) is fulfilled with 



< C,we set P(x) 



Y y* n {x)y n .In order to see that \\P\\ < C we observe that for x E X, \\x\\ = 1 there exists x E X 
such that \\x\\ = 1 and = for every n. Therefore for x E X, \\x\\ = 1 we have that 



\P(x) 



n£E 



< \yn( x )\ = ^2*n 

neE n£E 



y* n {x) 



£i£ ) (*) < C 

\neE / 



Lemma 3.7. If the Banach space {A, \ \ \\a) satisfies the property (P) then the same holds for the 
space (X A ,\\ ||) . 



Proof. For every x = ^ A^e^ we set 
<5ex> 



*=£ Em)* 

i=l \\S\=i 



Let (i„)™ =1 = Y ^ses be a block sequence in Xa, where E\ < E2 < ■■■ are successive 
\\6\eE* J nm 

subsets of N,then (x n )^ =1 is a block sequence in A such that \\x n \\ = \\x n \\A, for every n. 



Since A satisfies property (P) for every k > there exists a sequence (y n )^ = i = Y ^i x % °f 

\ieF n / n=l 

normalized blocks of (y n )^ =1 such that conditions (i),(ii),(iii) of Definition |3.l| are fulfilled. Notice 

that if y* = Y E m j e j then y* n (y n ) = Y \\ E m j \ E l A <5| 

ieF n ye^i / ieF n \j£Ei \\5\=j J J 

and p(x) = Y y~U x )y n - 

n&E 

We define 



ieF„ ieF n \\8\eEi J i€F n jeE, \\s\=j 



where signX 
Then ||y*|| = 







if A > 






1 if A < 




,0 


if A = 


E 




i€F„ 





|y*|| ^ 1 , also 



yn(yn) = J212 Xim j El A5 l 

i£F n j£Ei \\S\=j 
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1 



and 



< 



k 



It remains to prove that ||P|| ^ Ck where P(x) = Y y* n {x)y n for every x G Xa- 

n€E 

Let x = Yt$ e s G Bx A and x = Y Y \ Y \^s\ e j- Then assuming that (e n )^ =1 is 1- 



<5eX> 

unconditional 



\P(x) 



i<=F„ jeEi \\5\=j J 

E E E ^sign\ s t s mj j //, 

ne-B ieF„ je-Bi V|<s|=j 



E E E m ; Ei** 

nGE i£F n jeEi \\S\=j 



lE^nC 

n€E 



x)y ri 



\J2y* n (x)yn\\A = \\p(x)\\<c 



n£E 

The following result is well known Q and says that if a closed set almost absorbs the unit ball 
Bx of the whole space then it also absorbs -E>x-We will state it in the following form: 

Lemma 3.8. Let W be a subset of a Banach space X such that 

Bx Q XW + eBx , for some A > and e < l.then Bx C W 

1 — e 

Proof. By our assumption 

B X ^XW + eB x C XW + e(\W + eB x ) = A(l + e)W + £ 2 #x 

00 / A 

Inductively we prove that I?x C H I ~, W + £n Bx 

n=l V 1 — e 



and by the completeness of the space this last set is equal to r— — W 



1-e 



□ 



6e reflexive Banach space with unconditional basis (e n )^L 1 which 
where {C n )^ =l is the sequence defined by the 



™Cn2" 



n=l 



Theorem 3.9. Let (A,\\ \ 
satisfies property (P) and a = (a n )^L 1 
property (P). Then W is a a-thin subset of Xa- 

Proof. Suppose that W is not a a— thin subset of Xa- Then there exists a normalized sequence 
(x n )^ =1 of successive blocks of (es)se'D and A > such that for every n G N 



(3.1) 

where X = span(x n )^ =1 . 
Fix a k G N with fc > 16A. 



B x C A(2 n W + 2a n Bx, 
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By Lemma 3/7 Xa also satisfies property (P) for the same sequence (Ck)k, hence there exists a 
normalized block sequence (y n )^i of (i„)™ =1 such that for every M infinite subset of N we can 
find E C M, (6 n ) n&E C R+, {yl) neE Q B x » such that 



(3.2) 



5>» = 1, 

nG_E 



< 



1 



(3.3) 

and 
(3.4) 



suppy* C suppy n ,y* n {y n ) > - 



\P\\ < C fc2 * where P(») = ^y*(x)y r , 



Let w n E W such that ||y n — A2 fc w ri || < and set £"„ = suppy n . 



By proposition 3.6 there exists an infinite subset M of N and a family (E n ) n ^M of pairwise incom- 
parable subsets of D such that for every n E N 



D n C F n and ||-E n Wn - F n w n \ \ < 



ak_ 
2 k X 



Let E C M, {9 n ) n€E C M+, {y* n )naE C Bx» to satisfy conditions (^ , (]3j) , @) and set 



z n = Vn\D n , R(x) = ^Z* n {x)y n 

n&E 



It follows that 
(3.5) 



|i?||<||P||<C fe2 * , \z*(y n )\ > -. 



Set Y E = span[(y n ) neE ] 
Then by Q 

i?(Sy E ) C A2 fe P(W) + 2Aa fc /2(flx A ) 

and by ([T^) and Lemma we have that 



(3.6) 



B Ye C 8A2 fe i?(W) 



Since the sets {suppz^) n&E are pairwise incomparable we get that 
(3.7) R(W) C co[( yi ) ieE ] 



Indeed, let w = Yl A 7 x 7 E Wo, where L is a set of branches of the tree such that ||x 7 || < 1 for every 
7 6 X and X] l<^yl ^ 1-We set : 

L n = {7 G L : suppz* n n 7 / 0} . 
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The sets (L n ) n€ E are pairwise disjoint and so 

R ( w ) = E z ™ E 1 y ™' where 

neE 

E<( EVt <E ( E w) <Ei a tI<i- 

neE \y£L n J neE \yeL n J jeL 

By (U) and (|]|) we get that 

5y B C 8X2 k co[( yi ) ieE\ 

But /c2 fc (X^neE QnUn) G -By^ and so £; < 8A which is a contradiction since we selected A; > 16A. □ 

Remark 3.2. // we assume that the sequence (C/ C )^l 1 in the above theorem is bounded then our 
arguments can show that the set W is a thin subset of Xa- 

□ 

The following Lemma is well known (cf [LT] lc8) 

Lemma 3.10. Let A be a reflexive Banach space with an unconditional basis and P : A — > Y a 
projection of A onto a block subspace Y of A spanned by a normalized block sequence (y n )^ =1 . There 
exists a projection R : A — > Y of the form 



n=l 

where (y^)^ =1 is a uniformly bounded sequence of members of A* with supp{y*^) C supp(y n ) for 
every n £ N. □ 

Remark 3.3. If a reflexive Banach space satisfies the property of the above Lemma the same holds 
for the space Xa- 

The following result has been proved by N.Tomczak-Jaegermann who kindly permit us to include 
it here. 

Proposition 3.11. Let A be a reflexive Banach space with an unconditional basis such that every 
block subspace of A has a block subspace complemented in A. Then the set W is a thin subset of 
X A . 

Proof. Suppose that the set W is not a thin subset of X^.Then there exists a normalized block 
sequence (x n ) n of Xa such that for every e > there exists a A > such that 



(3.8) 



B x C XW + eB Xa 



where X = span[(x n ) n ] .From Lemma 3.10| and Remark 3.3 we can suppose, by passing to a nor- 



malized block sequence of (x n ) n ,if necessarythat there exists a sequence 



J n)n 



cx* A 



uniformly 
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bounded by a number C > ,such that for every n E N ,supp(x^) C range(x n ), 



X~. { Xr, 



1 and the operator 



(3.9) 



is bounded. 
Let e 



oo 

E~" 

n=l 



1 



8 P 



P(x) 



and A > such that the relation (|3.S{) is satisfied 



For every n E N we select w n E Wo such that \\x n — A-E n w n || < e 
where E n = range(x n ). 

Applying Proposition |3.6| we can find an infinite subset I of N and (F n ) n€ j pairwise incomparable 
subsets of T) such that for every n E / 
F n C E n and \\E n w n - F n w n \\ < ^ 
We set 



(3.10) 

We observe that 



y* = F n x* n and R{x) = ^y*(x)x n 



n=l 



(3.11) 



l-RII < IIPII 



and 



\Vn\ x n)\ > 



Let Y = span[ (x n ) n e i] 

By Lemma [Dj| , ( gig) and ( pTTl] ) 
we get that By C 8Ai?(W0 

and since the sets (suppy^) n ei are pairwise incomparable we have that 
.R(W) C Cco[{x n ) n& i\ and so 



(3.12) 



5y C 8XCW[(x n ) neI ] 



This leads to a contradiction by a theorem of Linderstrauss and Phelps ( |LP| ) which asserts that a 

convex body in a reflexive Banach space cannot have countable many extreme points. 

We can also derive a contradiction by selecting a combination z = n x n , Yl \Qn\ = 1 such 



that \\z\\ < which contradicts relation ( |3.12 ) 



□ 



Definition 3.2. Let X be a Banach space with a basis (e n )^ =1 and 1 < p < oo. We say that X has 
an upper p— estimate if there exists C > such that for every normalized block sequence (x n ) n , 



i=l 



< Cm 
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Remark 3.4. If a space X has an upper-p estimate for some p > 1 then it satisfies property (P2) 



and hence property (P)(see Remark SA_ ). Spaces with an upper p— estimate are L p ,l < p < oo 
and Banach spaces where I 1 is not uniformly block representable (\MS\). It follows that for every 
such reflexive space with an unconditional basis has the property that the set W in the space Xa is 
a.— thin for an appropriate sequence a depending on p. 

It can be shown for A the Tsirelson's space T,its dual ,Schlumprecht's space S and other spaces the 
set W in Xa is also a— thin . 

We pass now to show that certain classes of operators are thin operators .As we have pointed out 
every thin operator is strictly singular but the converse is not always true. However, if we restrict 
our interesting in the classes C (£ p ,£ r ) 1 < p, r < oo then the subsets of strictly singular operators 
and thin operators coincide. This follows from the next lemmas: 

Lemma 3.12. Let T be in C (X,£ p ) 1 < p < oo which is not a thin operator. Then there exists Z 
block subspace of £ p and a projection P : £ p — ► Z with \ \P\ \ = 1 such that P oT is a quotient map. 

Proof. Choose any e < 1. then there exists Z infinite dimensional closed subspace of £ p and A G M + 
such that B>z C XT[Bx] + sP>(v- Further we may assume that Z is a block subspace of £ p hence 
there exists P : £ p — » Z a projection with ||P|| = 1. Therefore Bz C XP (T[Bx\) + sBz and from 

Lemma |3.8| Bz C — P ° T[Bx] which implies that P o T is a quotient map □ 



Lemma 3.13. If T : £ p — > £ p 1 < p < oo is a bounded linear operator then there exists Z an 
infinite dimensional closed subspace of £ p such that T\z is an isomorphism 

Proof. Since the operator T is onto there exists C > 1 and a sequence (z n ) ngN such that Tz n = e n . 
Further by passing to a subsequence we may assume that (z n ) n is a block basic sequence in £ p . 
Therefore 




and the proof is complete 



< 



< 



E 

i=l 



n 

i=i 



i=l 



< \\T\ 



< 



c E 



vi=l 



1 

P 



□ 



Corollary 3.14. (a) If 1< p 7^ r < 00 then every T G C (£ p ,£ r ) is a thin operator. 

(b) If 1< p 7^ r < 00 and T £ C (£ p ,£ p ) is a strictly singular operator then T is a thin operator. 



Proof. It follows from Lemmas |3.12| and p. 13 



□ 



Remark 3.5. It follows readily that Lemma 3.H and Lemma 3.l3j remain true if instead of £ p we 
consider the space cq. Therefore we have similar results of the above Corollary if either £ p or £ r is 
substituted by the space cq (N) 
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4. THIN NORMING SETS II 



(general reflexive case) 

In this section we prove that every reflexive space A with an unconditional basis has a subspace 
B such that the set W in Xb is an a— thin set for an appropriate null sequence a. The proof heavily 
depends on the uniform control on a subspace of the rate of convergence in norm to zero of certain 
convex combination. Therefore the ordinal order of the complexity of weakly null sequences seems 
to be necessary and we strongly use the results from | AMTfl . 
The main parts of this section are the following: 



The first one contains the definitions of Schreier families, initially introduced in [ AA|, and R.A 



Hierarchy from [AMT]. We also present some results from [|AMT| that we will use here. The most 



important of them are the dichotomy principle (Proposition f4.2|) and the large families theorem 



(Theorem 4.4). 

In the second part for a countable ordinal ^, a natural number n and B a subspace of A we introduce 
a numerical quantity r^ n (i?) which is basic for our proof. We show that there exists a countable 
ordinal £o such that T^ n (B) = for every £ > £o and n G N and there exists B subspace of A on 
which T^^ n is stabilized for any further subspace. This subspace B is the desired subspace of A. For 
this, we need to show that for every e > there exists (£,n) such that < r^^ n {B) < e. 
Finally, in the last part, (Propositions 4.1£ , 4.17 , [4.20|) , we prove that the set W in Xb is an 



a— thin set. 
The Schreier Families 

For every countable ordinal £ we define a family of finite subsets of N as follows: 

1. : S = {{n} : n £ N} U {0} 

2. : If has been defined then 

%U = i^jFi : n eN, n < F x < F 2 < ... < F n , F { £ % j U {0} 

3. : If £ is a limit ordinal and S^has been defined for every ( < ^ we fix a strictly increasing 
sequence (£ n )neN of non- limit ordinals with sup£ n = £ and we define 

nGN 

= {F : n < mini 7 and F £ Se n for some n £ N} 

The Repeated Averages Hierarchy or RA-Hierarchy 

We denote by Sg the positive part of the unit sphere of ^i(N), i.e. the set of all sequences 

oo 

{a n ) c ^ =1 of non-negative numbers such that Yl a n = 1) set also (e n )^ =1 the usual basis of ^i(N). 

n=l 

For every countable ordinal £, every infinite subset M of N there exists a sequence (C^f)neN satisfying 
the following properties: 

1. tff £ for every nGN and tff(m) < for every M £ [N], n, m £ N 5 £ > 0. 

2. supp^ 1 < supp^ +l and supp^ 1 £ S^for every nGN 

oo 

3. M = |J suppt™ 

n=l 
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4. For every M infinite subset of N and (n^uL-, a strictly increasing sequence if we set 

oo 

M' = |J suppt™ then & = tfj 
fc=i 

We recall the definition of (£^)neN from |AMT]. It is given by induction 

1. For £ = 0, M = {mi,m2, ■■■}, mi < m<i < ... we set 

£ M - e 

Sn ~~ e "i n 

2. If £ = ( + 1 and (Cf )«eN has been defined for all M G [N].We set 

M = (m n )™ =1 and 



AM , , AM 



and then inductively we define 

Sn — SI 

where 

n-1 

Mi = M, M n = M\ (J suppif 

i=i 

3. If £ is a limit ordinal we consider the sequence (£n)neN of successors ordinals that defines Sg. 
For any M G [N] M = {mi,m2...}we set n\ = m\ 

-M ft \M 



ef = (U)f 

and inductively = M\supp[^ rik _ i ]\ Ik ~ 1 , n& = minMfc 

tM _ /t \M fc 
Sfc — lSn fe Jl 



By standard induction one could verify the properties (l)-(4) listed above. 

The following dichotomy principle is important for our proofs ; it permit us to stabilize functions 
acting on the summability methods (^ / )ngN without loosing the order £.It is a consequence of 
stability property (4) of the repeated averages hierarchy and the following combinatorial result 

Theorem 4.1 (Nash- Williams, Galvin and Prikry,Silver,Ellentuck ). Let A be an analytic subset of 
[N] Then for every M G [N] there exists L G [M] such that either [L] C A or [L] C N|\A 

(for a proof we refer to |K|] or [[IJ ) 

Proposition 4.2 (Dichotomy Principle). Let £ < M G [N] and n G N. We set: 

hi,n = {(C">stJ : h < ... < k n ,Ne [M]}. 

Clearly I M>n C (s^) . 

Then for every real function <p : Lm,u - > K a^rf r G K one o/ i/ie following holds: 

(i) There exists L G [M] suc/i i/iai cft(s) > r for all s G 

(ii) There exists L G [M] suc/i that cft(s) < r for all s G iL >n 
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Proof. Consider the following partition of M. 

A = {NG [M] : 0((Cf ,...,$)) >t},B= [M]\A. 

It is clear that A is an open subset of [M] hence from Theorem [4.1| we get that either there exists 
L G [M] such that [L] C A or there exists L £ [M] such that [L] C B. 

Assume that [L] C A .Since (by property (4) of the R.A.Hierarchy)for N G [L] and k\ < ... < k n 
there exists N' G [L] such that ^ = & for i = 1, ...n we get that for every N G [L] and 
h < ... < k n , = ,-,&)) > r and case (i) is satisfied. 

If [L] C B we obtain case (ii). □ 

Notation Let M G [N] and £ a countable ordinal .We introduce two more families related to 
and the set M. 

If M = (nfc)fceN we set 

Sf = {G C M : there exists F G such that G = {ri£ : £ G F}} 
We also denote by 

S^[M] = {FcM:FeSJ 

[Sf ]™ = j (Jl* : Ui G Sf , Ut<U 2 < ... < I7 n J 

Let us observe that by the definition of the families , C [M] but the converse is not true. 
The following lemma is due to G. Androulakis and T. Odell and shows that by passing to a subset 
N of M we have that the members of 5^[iV], S^ 1 are almost equal. 

Lemma 4.3. |AO| . For every £ < u± and M G [N] there exists N G [M] such that for every F C N 
if F G S([N] then F\{minF} G S| f . □ 

(For a proof see also [ AMT| ) . 



Definition 4.1. A family $ of subsets o/N is said to be 

(a) : adequate if F G $ and G C F then G G $ 

(b) : compact i/ii is compact in the topology of pointwise convergence as a subspace of {0, 1} N 
Definition 4.2. A compact adequate family 5 of subsets of N is said to be 

(a) : (£, M, e) -large, where £ < cji, M C [N] and e > if for every L G [M] and n G N i/iere 
exists F 6 5 swc/i i/iai 

<#,F>= 

fcgF 

(b) : (n, £, M,e)— large if for every N G [M], 

sup inf{< (f*,F>}f =1 > e 

F&T i 



The following result is proved in [ AMT and they will be fundamental ingrendients for our proofs 
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Theorem 4.4. Let # be an adequate compact family of finite subsets of N such that for some 
countable ordinal £, M infinite subset of N and e > 0, $ is (£,M,£)-large((n,£,M,e)-large for 
some n G N).Then there exists an infinite subset L of M such that C $ ( [S^] n C J). 



Proof. For n = 1 the result follows from Proposition 2.32 and Theorem 2.26 of[AMT] ;for the 
general n the result follows from Lemma 2.3.5 in [A.MT| and the Remark after Corollary 2.2.8 in 
[ AMTj. □ 



From Lemma and Theorem |4.4| we get the following result. 

Corollary 4.5. Let $ be a (£, M, e) -large family ;for any 5 > i/iere exists a L £ [M] such that 
for every N G [£,] and n G N i/iere exists F G ^ wii/i i/ie property , > 1 — 5. 

Notation .Let X be a Banach space with a basis. We denote by: 
1. E(X) the set of all normalized block sequences of basis i.e.. 

E(X) = {(a?i)~i : < = 1 and Xj G X} 

2. 

E(N) = {(F)°Zi ■ Fi < F i+1 ,Fi c N} 
3. For every T = G E(N) and s = (ift)?^ G E(X) we set 



yt(^,a) = ((i/ J -W 

E(s, J") = {(^i)^i : G ^(.F, s), ||zj|| = 1 for every i}. 
4. For s = (xfc)fc g N G E(X) we denote by 

oo 



fe=i 



and 



5. further, if £ is a countable ordinal, M G [N], n G N we denote by 

\\g(8,f)\\= m ax{\\g.t\\,teE(8,f)} 



and 



6. 



v 



n 



max 



N 



n 



, t G E(s,^") 



7. For si, S2 £ E(X) we write S2 -< si if S2 is a normalized block sequence of s 

8. If si = (xi)jZ 1 and S2 = (xj)^ n for some n G N we say that S2 is a tail subsequence of si, 

9. If Yi = span[(xi)^ 1 ] and Yi = span[(xi)'^ =n \ for some n G N we say that Y2 is a tail subspace 
of V ; . 

Definition 4.3. For every s G E(X), £ < oj\,we set 

(a) rf(a) = sup sup inf | \^{s,T)\\ 

^es(N) Me[N] ^e[M] 
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(b) r A X) = M x r ( (s). 

This is a complicated definition and we will attempt to explain its necessity after Lemma 4.6. 

Remark 4.1. 1. We observe that 

inf \\g{s,r)\\= inf M\\g{8,?)\\ 
Ne[M] Ne[M\ neN 

This follows from the stability property (4) of (Cn)neN- 
2. < T^(s) < 1 for every £ < lo\ and s G 

Lemma 4.6. Suppose that for some s G S(X), £ < uj\ we have that t^(s) = 5 > O.Then the 
following properties hold: 

1. For every T = (Fi)'?l 1 G £(N) and M G [N] i/iere exists L G [M] satisfying: For every N G [L] 
and n G N 

11^(^^)11 < 25 

2. There exists T = (-Pj)gi G S(N) and M G [N] snc/i fftoi /or a// N G [M] ,n G N 

11^,^)11 >^ 

3. T/iere exists T G S(N),M G [N] such that for all N G [M] ,n G N 

itf<||^(*,^)||<25 



Proof. Property (l)follows by Proposition [4.2| (the Dichotomy Principle) and property (2) follows 
from the definition .Property (3) is a combination of (1) and (2). □ 

To explain the nature of the quantity (s) let us assume that (s) = 5 > . Then from the 
previous Lemma |3~6| (2) we have that there exists T G S (N) and M G [N] such that 1 (s, J 7 ) 1 1 > | 
for every iV G [M] .It follows readily for every N G [M] there exists t N G such that 

\\Cn {t N ) II > f f° r ever y n G N . The difficulty is that by changing from N to L we do not know 
that remains equal to t L .This forces us to be more careful in our proofs. The advantage of the 



above definition comes essentially from part (1) of Lemma 4J3 . Indeed if ,for a given e > , we 
know that < 7£ (s) = 5 < e then for every T G £ (N) and every M G [N] there exists L G [M] such 
that (s,T) || < 25 < 2e for all N G [I],n £ N .This permits us to have a uniform 25-control of 



all convex combinations of a certain form and at the same time we know by part two of Lemma 4.6 
that there are convex combination of the same form remaining greater than | .This key observation 
is crucial for our approach. 

Lemma 4.7. Let £ < u\ 

(a) : If si,S2 G and S2 -< si then r^(si) > t^(s2) 

(b) : If Y <Z then r € (Y) > r € (Z) 

(c) : // si,S2 G S(X)and S2 is a tail subsequence of s\ for some n G N then t^(si) = T^fa) 

(d) : If Z is a tail subspace of Y then t%(Y) = t%(Z). 
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Proof, (a) It is enough to show that if r(s2) > 9 then t(s\) > 9. 

Suppose that r(s2) > 9 for some 9 G (0, 1) then there exists T ={F n ) c ^ =1 G S(N)and 

M G [N] such that for every N G [M] we can select t N G S(s 2 , F) with • i^H > 0. 

Let si = (y n )^Li and S2 = (2 n )^ =1 with z n = X^igs n where (E\)^ =1 is a sequence of successive 

subsets of N. 

We set 

then £(s 2 ,F') C S(si,F') and so for every iV G [M] we select the above sequence t G X(si,F') 
with HCn-^ll 

The cases (b) ,(c),(d) are obvious. □ 

Lemma 4.8. For every £ < wi i/iere exists a WocA; subspace Y of X such that r^(s) = t^(Y") /or 
ei>er?/ s G S(F). 

Proof. We inductively define sequences (sj)^ 1; of normalized block sequences of Z ,block 

subspaces of Z, respectively ,as follows: 

For i = lwe set si = (e^^j , Y\ = Z 

If Yfc, Sfc have been defined we select 

(4.1) s k+1 -< s k such that T^(s k+1 ) - T^(Y k ) < ^-j— j- 

and we define Y k+ i = span[s k+ i] 

Let s be a diagonal block sequence of (si)^2 =1 and set Y = span[s]. 

If i -< s for every A: there exists &t k <s k which is a tail subsequence of t so by Lemma ^7?] (a) and 
(c) we get that 



and therefore by the relation (4.1) above ,we get that r^(s) = r^(t) 



□ 



The following definition is the natural extension of Definition ^ 
which is going to use in a certain stage of our proof. 

Definition 4.4. (a) For every s G T,(X), £ < ui\,n G N we set: 



for n-averages of (£^ )fc G N 



(b) n >n (X) 



inf Tf n (s) 



sup sup inf 

JFe£(N) Me[N] We[Af] 



>,^)ll 



Remark 4.2. (a) For n = 1 i/ie previous Definition coincides with Definition 4-5 
(b) T/ie corresponding results of Lemma \4- % and ^6 stated of T^ n instead of n a/so /io/d and i/ie 
proofs are completely analogous .In particular for a given £ < u\ ,n G N , £/iere exists a block 
subspace Y of X such that r^ n (Y) = 7> n (s) /or every s G S(Y). 
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Definition 4.5. For 5 > 0, s = (y i )^ 1 G E(X) and .F = (F;)^ G S(N) we de/ine: 
fo(s,F) = {G G [N]<°° : 3sfc G S x * sucfc toat \\x* g \y Fi II > 5 V/ G G}, 
w/iere Y Fl =< (yi)ieF t > ■ 

Remark 4.3. If X is a reflexive Banach space with an unconditional basis then it is easy to check 
that the set $s(s, J-) is an adequate and compact family of finite subsets o/N. 

In the sequel we will denote by X a reflexive Banach space with an unconditional basis. 

Lemma 4.9. Suppose that for some £ < u%, s = (yi)i=i ^ E(X), T = G S(N), there exists 

M G [N] and 5 > sue/t tfiai | |ff (s, F)| | > 5 for all N G [M].Then there exists L G [M] such that 
Sg C ^^/2{s^T),i.e. for every G G there exists x* G G Sx* satisfying \\xq\y f \\ > § /or every 
/ G G ,where, Y Fl =< (yi)i eFl > . 

Proof. Observe as we have mentioned above ,that from the stability property (4) of summability 
methods we get that for all n G N ,7V G [M], \ \£%(s,F)\ \ > (^.Further if t G £(s,F) such that 
\\£n ' t\ | > ^ an d x* G Sx* such that x*(^ ■ t) > 5 we get that 



£{e(0:|k*M>^}> 



Therefore the compact and adequate family ds/2( s ^) ^ s (£> M, 5)— large. 
The result follows from Theorem 4.4 and the proof is complete 



□ 



Lemma 4.10. Suppose that for s G £(X), T G £(X) and 5 > i/iere exists M G [N]suc/i that S^ 1 
is a subset of 3^/2 ( s > J 7 ) -Let mo = mm M. Then for every e > 0, f/iere exisi x* G Bx* , suppx* C 
U/e_F suppyi and L G [M\ {mo}] satisfying the following property : 

For every G G S^ ! ,G C L|J{mo} and minG = mo there exists x* G G Bx* , \\x g \y Fi \\ > r — e /or 
all I £ G and x%\v~ = x*. 

Proof. Set = span[e* : i £ |J suppyi] which is a finite dimensional subspace of X*. Choose 

{x^, a;^} be a |-net in Sy^* and for 1 < i < d define the set 
f X G M\{m } : if X' = X U {m } and G = suppS,f ) 



A 



then 
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< 



Where x* G denotes the functional in Bx* witnessing the fact G G $5/2 (s, J 7 ). 

d 

Clearly [M\{mo}] = |J A{ .Then by Theorem 4.1 , there exists L G [M\{m } such that [L] C Ai 
i=i 

for some i G {1, ...d} .The set L is the desired .Indeed, it follows from the definition of Ai that for 
every G = supp^ , minX = mo,X\{mo} G [L] we have the desired property. In the general case 
we simply observe that G a subset of some G' = suppyi for an appropriate set X with min X = mo 
and the proof is complete. □ 

Before pass to the next result we make a brief introduction to the co-tree. 
A tree T is said to be well-founded if every linearly ordered subset of T is finite .For a well 
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founded tree we define as the derivative tree T the subtree of T consisting of all no maximal 
elements of T\ inductively we define the ^-derivative as T^ +1 ) = (T^)' and T^> = H^<f ^ ^ 
£ is a limit ordinal. The order o(7~) of a well founded tree T is the smaller ordinal £ such that 
the £— derivative of Tis an empty set. 

co-trees:Let X be a separable Banach space. We define ,for 5 > 0, 

Tic 5) = i ^ Xl, •"' Xn ' ) : ll Xi " = 1 and ( Xl > is 1 

I I — equivalent to the usual basis of J 

Then T(co, 5) with the natural order is a tree and further if cq is not isomorphic to a subspace of 

X then T(cq,<5) is a well founded tree. 

The Co— index of the space X is defined to be 

o{X) =sup{o(T(c ,5)) : 6 > 0} 



The following result is due to J.BourgainjBol]: 

Theorem 4.11 (J.Bourgain). Let X be a separable reflexive Banach space Then the cq— index 
o(X)is a countable ordinal. □ 



Proposition 4.12. LetX be a reflexive Banach space with an unconditional basis and s G £(X), £ < 
Ui, such that Te(s) > then the CQ-index of X*is greater or equal to £. 

Proof. Since > there exists T G S(N) and M G [N] such that for every iV G [M] 

||£f(^)|| >^ = * 

Therefore there exists L G [M] such that C ^^(^i^^emma ^).We consider for G = 
{h,-h} e Ssp&J 7 ) the set {a£(l), defined by = x* G \y Fl .Clearly {a£(l), ...a£(d)} 

is equivalent to basis with constant |. Notice that if e < f and {x^, ...x^} is such that — 
x*\\ < e then {x*, ...x^} is equivalent to — basis with constant ^. 
We will proved the desired statement by induction 

The inductive hypothesis:// £ < u)\ and M G [N]ore such that C 5<5/2( s ) then for every 
N G [M],s > there exists a tree 

71 C {(xj, ■ ■■x* d ) : d G N and x* C Bx*} with o(7^) > £ satisfying the following properties: 

(i) : For every (x\,...x* d ) G T( >) suppx\ < ... < suppx* d 

(ii) : For every (x\,...x* d ) G 7^ i/iere existe G = {mi,...™^} G S^iV] with \\x G (i) — x*|| < e for all 
i = l, d. 

Proof of the inductive hypothesis:We will prove it for N = M and the general case is similar. 
Let M = {mi < 1112 < ■■■■} ■ 
l.For £ = 1 is obvious. 

2. If C is a limit ordinal we consider the sequence (( >n )'^' =1 which defines the family S^.Then for every 
n G N 5 Cn [N\{l,...n}] C S c therefore 5"J[N\ {1, ...n}\ C 5 C C $5/ 2 (s,F) and by the inductive 
hypothesis there exists a tree7^ n satisfying the inductive hypothesis for the ordinal Cn >the number 
e and the set N = M\ {m±, ...m n }. 

If = |J n 7^ n it is easy to see that 7^ satisfies the requirement properties. 
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3. If £ = rj + 1 assume that niQ = minM > 1 and set e' = e/4. 

Then there exists x* G Bx* and N G [M\ {mo}] satisfying the conditions of Lemma |4,10| . 

by the inductive hypothesis there exists a tree 7^ satisfying the properties (i) and (ii) for the set 

N and the number s'. 

We define 

T c = {(x*,xl,...x* d ) : (xl,...x* d ) G T v } 

It is easy to check that 7^ is the requirement tree and the proof of the inductive hypothesis is 
complete. 

To finish the proof we simply observe that for every Q < £ there exists a natural number n such 
that 5*^[N\ {1, ...n}] C 5^.(This can be proved by an easy inductive argument.) Therefore if S^ 1 C 
$$/2{s, J 7 ) then for every n < ( there exists a k v G N such that S* f [N\ {1, ...k v }] C S^ 1 and by the 
inductive hypothesis we get the desired result. □ 

Proposition 4.13. Every reflexive Banach space X with an unconditional basis contains a sub- 
space Y with the following property: 
There exists a unique £y < uj\ such that : 

(1) t^ y (Y) = and t^(Y) / for every £ < £y. 

(2) For every £ < oj\, every s G S(Y) and n G N 



Proof. It follows from Lemma L8 that for every £ < u)\ , Z -< X,the subspace Z contains a block 
subspace Y^ such that for every s G S(l^), r^i(s) = r^(s) = r^(l^). By a similar argument we 
can show that for every n G N and Z -< X there exists Y ra -< Z such that r^ n (s) = T£ )Tl (Y) 
for every s G S(Y n ) and so we can find a sequence Yl >- Y2 >*- ••• of block subspaces such that 
T i,n{s) = T^ jn (y n ) for every s G X(Y n ).A diagonal block space Y of the sequence (YtJ^JLj satisfies 
T^n(s) = T£ tn (Y) for every s G £(Y) and n G N .Therefore for every £ < wi and Z -< X there exists 
Y^ -< Z such that r^ n (s) = rg >n (Yg) for every s G £(Yg) and n G N. 



From Theorem 1.1 1| and Proposition |4.12 we get that there exists a countable ordinal £0 such that 



n ( s ) = for all s G S(X)and £ > Co- 
Enumerate the set {£ : £ < £0} as (£ n ) n6N and inductively choose block subspaces Y\ y Y% y ... of 
X such that T^ iin (s) = T^ ijn (Y) for every s G £(Y) and n G N.A diagonal block space Y of the 
sequence (Y)^ 1 is the desired subspace of X. □ 

Definition 4.6. ^4 Banach space Y which satisfies the conditions of the previous proposition is 

called a stabilized space. 

We denote by £y = min{£ : r^(Y) = 0} 

Lemma 4.14. Let s G S(X),^" G E(N), M G [N] and 5 > .Assume that for m > n ( [§] + l) and 
£ < wiwe /iaue that for all N G [M] — — jjj — —(s,J-) > 5. Then there exists L G [M] such that 
[St] n c3 5/4 (s,F). 

/-N i 1 /-N 



X- 



Proo/. We observe that if x* G B x * , i G S(s, J") satisfy ^ w • i) > <5 then there exists 

m . 6 
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{fci < k 2 < ... < k n } C {1,2, ...,m} such that x*(C^ • t) > ^ for all i = 1, ...n. 



Hence we can define a partition of 



[ M ] = U M(*i....*n) -l<h< -<k n <m} 



,where N £ At 



if and only if there exists x* G Bx* with x*((^. ■ t) > — for all z 



1, 



..,n. 



1 (fcl,...fc„) J — • -n. \^Ki 'I ' 2 

From the dichotomy principle (Propositiorj |4,2| )there exists a L G [M] and 1 < fci < ... < k n < m 
such that [L] C fcn ) and from the stability property (4) of repeated averages hierarchy ,for 

every ./V G [L] there exists N' C N such that N' C An ^ .From this we can assume that actually 
[L] C ^(i,..., n )- 

Let TV G [L], choose x* G Bx* such that x*((F ■ t) > - .Then for every i = l,...,n we get that 

1 2 

> - > > -.Therefore 'Ss/i{ s i^ r ) is C 5 ^) — large and the result follows 



from Theorem 4.4 



Lemma 4.15. Assume that for £ < u\, s G J 7 = {-F n } n eN G S(N) , 5 > 0, ^ N we have 

that T^^ m {s,J-) > <5 /or some m > + l).Then there exists Q G £(N),£? C J? 7 smc/i i/iat /or every 
G' C G, M G [N] we /wue i/iai 



Ci M + -.. + C fc M 



(s,g': 



5 

>4 



Proof. It follows from Lemma 4.14 that there exists L G [N] such that [S^] k C #5/4 (s, J 7 ) .We set = 
{^iiieN = {FniheL ■ Observe that for cff,ff' = {G{}, eN , we have [S|f C fo /4 (a, 0') .Therefore 



for every M G [iV], 



> I and the proof is complete. 



□ 



Remark 4.4. The content of the above Lemma is that at the moment that we know that 
— — x — —(s,G') > 5 for some 5 > 0, the pair {s,J-) and all N G [L] then by going to a certain 



G C T we know the conclusion for | and all L subsets o/N. 



Proposition 4.16. Let X be a stabilized reflexive space with an unconditional basis .Then the 
following hold: 

(a) If £ = £x is a limit ordinal and (£ n )neN the increasing sequence that defines then lim Tf = 

(b) If £ = £x is of the form £ = £ + 1 then lim rr n = 0. 

Proof. We prove (a). The proof of (b) is similar. Assume that (a) fails. Then if s = (efc) fcgN ,the 

basis of X,since X is stabilized there exists a 5 > such that T^ n (s) > 5 for all 5 > 0. For T\ = (i*} 1 ), 

T2 = {Ff) j w e denote by JT 2 -< JFi if T2 is a block subfamily of T\ i.e. every Ff = \J F^ for 

deGi 

Gx < G% < .... subsets of N. 

We inductively construct T\ >~ Ti >~ ... >~ T n >~ ... such that for all n G N, Gn C T n , M G [N], 
ZeN. ||(60f(*,&)ll>!- 

We show how we produce J~x : J^2 an d m the same manner we get the general inductive step. Since 
7fc(s) > 5 there exists £1 and M G [N] such that for all N G [M], n G N, IK^n)^ • (s,^i)|| > 
From the previous lemma there exists T\ C G\ satisfying the desired property. Set s\ = (e; n ) ne N 
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subsequence of (e n ) nS N such that T\ = (-P}), eN and rt; G F[. Since T^ n2 (si) > 5 there exists Q2 and 
M G [N] such that for all N G [M], Z G N IKCnjftsi, £ 2 )|| > 6. 

Observe that from the choice of S2 the family Q2 can be taken such that Q2 -< T\- Choose, as before 
,^2 C Q2 satisfying the conclusion and the inductive definition of {Fj^k&i is complete. 
Each T k = (-P^)neN and we set = (F^ 



)keN- 



r 



Claim: For every M G [N] , ||(£)f ' ( s ^oo)|| > 

Indeed suppose that M = {mi, m-2, ....} then by the definition of (£o)i^ we have that (£0)1^ 
(( mi )f . Since for all > mi, J-jfe -< .F mi it follows that the exists (F^ 1 )k>m 1 such that l mi 



mi and F, 



rni 



C F fc fc set Q 



{F™\...,F™}} U {-Fp} fc>mi then we have that for all L G [N] 



ll(£n mi )f -(8,g)\\>i 
Observe now that if Q 



[Gk]k&i then for k > m\ G m C Ft hence for the given M 

IK^f 1 ■ (S,G)\\ <\\(£n m j¥ ■ (S,^)\\ 

and the proof, is complete. 

Therefore t^(s) > | and this contradiction finishes the proof for the limit ordinal case. 
The case of successor ordinal is proved by similar arguments. 

Remark 4.5. With a more careful construction we can actually show that limr^ n = 0. 

Proposition 4.17. Let X be a stabilized reflexive Banach with an unconditional basis such that 
£x is a successive ordinal. Then X satisfies the property (P2). 

Proof. Let £x = Q + 1, r = t^(X) > 0. By Proposition |4.16| lim rr n (X) = and so for every fcsN 
there exists n^N such that r ( - nh (X) < 

We set Ck = Tik, for every k 6 N.We will prove that for every (a^)?^ -< X and k £ N there exists 

< — , which 

k 



%m\ ~\~ ■■■ %n 



n k 



t = (zi)^ -< (xi)™! such that for every M = {mi, ...m n , ■■■} C [N] 
implies the property P (2). 

Let s = (xi),=i ^ X and y =< (a*)?^ >. Since T Cnk (s) = T Cnh (X) < — ,for every T G E(N) and 
M G 

(4.2) 



there exists iV G [M] such that if i G S(s,^ r ) then 

Cf + - + 



2A- 



-v 



< 



2A: 



Since rr (s) = r there exists Fi G S(N) and Mi G [N] such that for every N G [Mi] and every n G N 

HC(^i)ll>§- 

For every n G N we choose i n = (y\ )j G S(s, Fi) such that 
(4-3) ||C n Ml - 



r 

>2 



Let fc n = maxsuppCj^ 1 and 

5 _ r50 oo _ { JX) JX) v m „(2) y(3) 
Then for every n G N 

(4.4) 11c; 1 



(3) (4) 
■'^3 '»Jfe 3 +l" 



■ S| 
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> 



We set 
(4.5) 



-Mi 



t = (Z n ) 



oo 
n=l 



Let M G [Mi], M = {mi,m 2 , ...}and set M 2 = \J suppC,™ 1 



k=l 



By the property (4) of the repeated averages hierarchy 



(4.6) 



lie 



Mi 



IK, 



Nh 



By(p~5|) ( |4.4j) ( [4.2|)and (|4.6[) and the unconditionality of the basis we get 



Zm\ ~\~ ••■ ~\~ Z Tl 



< - 



Smi * t ••• i Si 



Mi 



■ S 



M 2 



5 + - + C 



1 



and the proof is completed 



□ 



Given A be a reflexive Banach space with an unconditional basis and we denote by X A the space 
constructed in the previous section 3. We denote 
T,(X A ) = {(x i )g 1 : = 1, and range(xi) < range (x i+ i)} . 



The indexes t%(s),T£ n (s) for s G T,(Xa) are as in Definitions |4.3| and 4. 4. We also define u (Xa) = 
inf{r € , n (s) : a G E(X A )}. 

Lemma 4.18. If the space A is stabilized then Xa is stabilized and for s G T,(A),s' G T,(Xa) we 
have T£^ n (s) = t^ iTI (s') for every £ < ui,n G N. 



Proof. It is similar to that of Proposition 3.7 that if the space A satisfies the property (P) the same 
fact also holds for the space Xa Q 

Proposition 4.19. Let A be a stabilized reflexive space such that £a is a limit ordinal. Then the 
set W in Xa is an a- thin set for a null sequence a = (a n ) ng N of positive numbers. 



Proof. It follows from Proposition 4.16 that for the sequence (£ n )ngN that defines S$ A we have 



hmr. 



o. 



1 T£ 

For every k G N we choose £ nfc such that rg nfc < - — -r and we define a^ = — 
We will show that W is an (afc)fceN thin set. 

Assume that it is not. Then there exists Z infinite dimensional subspace of Xa and A > such 
that for all n G N 

B z C \{2 k W + a k B XA ). 



Choose k > 1000A and in the sequel we will denote by ( the ordinal £ nfc and by r the number r^ nfe . 
We also may assume that Z is a block subspace generated by a sequence (zi)i & fq such that rangezi < 
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rangezi + \ ,where 

range (z) = {5 G D : 3a, f3 G suppz : |a| < |£| < 

Since the space A is stabilized from Lemma [4.18| we get that for every s G T>(Xa) and £ < wi,t^(s) = 
t^(A). Therefore for the sequence s = (^)^eN there exists an T = (F m ) m , satisfying the property: 
There exists M G [N] such that ViV G [M], 

(4.7) \r<\\C 1 N (s,T)\\<2r. 

Further we may assume that T satisfies the following stronger property: 

(4.8) For every N G [N] there exists x* G Bx* with 

||x*|Z^ m || > t/4 Vm G suppCi . 

The property [4.8| follows from Lemma |4.9| 

For every m G N we define Zp m = span[(zi) i€Fm ] and 

= span[{e s : 5 G UieF m rangeZi}]. 
Consider the following family of finite subsets of N 



GcN: 3xq G Bj*, and (y m ) mgG such that 
(a) y m G Z Fm and ||y m || < 1 

T 

(b) Vm3E' m C rangey m : x* G (E' m y m ) > — and 

lb 

the sets (E' m ) m( - G are pairwise incomparable 



(c) 



< 8r 



Claim: There exists e > such that 5 is (C, Afj £) large. 

Suppose that the claim has been proved. Then we derive to a contradiction in the following manner. 
By Theorem [O] and Lemma (see also Corollary[P)| )there exists a L G [M] such that N G Lthe 
set =supp(^\{m.insupp^} belongs to 5- 

From Property (1) of the repeated averages hierarchy we may consider N G [L]such that 



(4.9) 



£ ciV) > I 



Also consider a functional x* 



J G N 



G and a sequence {y m ) m &G N *° satisfy conditions 



(a),(b),(c) above in order G N belongs to 
We set 



m£G N 



Q?(m)E' m y n 



Choose to G Wq such that 



|y|| 



A • 2 -u) < \ak and set 



(4.10) 



y - X - 2 fe u;.Then 



|y| 



y — X • 2 w 
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< Aafc 



By flOP we get that 
(4.11) 



\y\\ < It 



and by 4.S and condition(b) of the definition of J 



(4.12) 



x* (y) > 
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Since the sets (E' m ) m€GN are pairwise incomparable we get that w is a convex combination of 
vectors w' m G Bx Fm ,rn G G N . Therefore by property (c)of the definition of the family J we have 
that 



(4.13) 



x* (w) < 8r 



Combining the above relations ( |4.11| ), (|4.12 ) and ( 4.13 ) we get that 

1 r 

x* (u) > — — - 2 k X8r > Xa k 
It 61 



which contradicts to ( 4. 10|) 

Hence it remains to prove the claim. 

Given any N G [M] set G =supp(^ and choose x* G Bx* such that ||x*|z F 1 1 > — for all m G G. 



We write x* = (x*) + — (x*) where (x*) + (eg) = 

i / * \ — / \ / ~x*(e s ) if x*{e s ) < 
and(x) (e 5 ) = | q otherwise 

We set G + = jm G G : ||0r*) + |z F J| > ^} and 



ac*(ej) if x*(e,5) > 
otherwise 



> 



G- = {meG:\\(x*)-\z Fn 

Then either 

EmeG + CfM > | or E meG _ CiV) > i 
Suppose that 



(4.14) 
and set 



E Cf M > 5 



= ,G 1 ={m£G + : ||**|x,J| < 8r} 

Since for each t = (t m ) mE G, t m G Xp m , \ \t m \ \ = 1 we have ||^ • t\ \ < 2r we get by 4.14 that 

(4-15) £ CiV) > i 



meG 1 



12 



Further choose 

f 

( 4 -16) y m G Z Fm : \\y m \\ = l,x*(y m ) > -. 

For every m G G 1 choose w m G W such that 



(4.17) \\y m - X2 k w m \\ < Xa k 



1 r 

Set ei = ^^Fx^m = range (y r , 



From Proposition 3. 4, there exists a partition D\, ...D^ of the set G and E' m C i? m such that 

(i) z* ((E m \E' m )w m ) < e x 

(ii) The sets (E' m ) m£D . are pairwise incomparable for every i = 1, ...,iV 

5 

(m) N < — 
e i 

By Q4.15P there exists io G {1, iV}such that 



By ( |4~T6D ,(p7Dand (i) : 



z* (E'y m ) > - - 2 fc Aei - Aa fc > - - — - A— ^— > — 
v my ' 8 8 32 2 fc A 32/c 16 

Therefore Dj G £ 

Hence for e = — the set § is (£, M, e) large and the proof is complete. 



□ 



Theorem 4.20. Let A be a reflexive Banach space with an unconditional basis . Then there exists 
a block subspace B and a null sequence a such that the set W in Xb is an a.— thin set 



Proof. From Proposition 4. 13 we can choose a block subspace B of A which is stabilized .Then if £g 
is a successor ordinal or £4 = the result follows from Proposition 4.17 and if £b is a limit ordinal 
then it follows from Proposition 4.1S □ 



5. THIN NORMING SETS III 

(c (N) case) 

(00 
n=l 

and a set W which norms a subspace of X A isometric and u;*-homeomorphic to (co (N))*.The set 
W is defined similarly to the reflexive spaces case. The proof that W is a thin set uses the structure 
of the u>*-closure of W in the second dual of Xa- 
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Theorem 5.1. There exists a Banach space X with separable dual X* and a closed, bounded convex 
symmetric subset W of X such that W is a thin subset of X, co(N)* is isometric and w* -isomorphic 
to a closed subspace Y of X* and W is a \-norming set for Y 

Proof, (i) The space X 

We denote by X) the dyadic tree, i.e. every S G D has exactly two immediate successors. The tree 
£> naturally coincides with the set of all finite sequences {(si, —,s n ) : n G N and Si G {0, 1}, for 
i = 1, 2, n}. 

We will use the notation and the definitions about the tree 2) introduced in the reflexive case. 
In the vector space cqo(S)) we define the following norm 



max l-M 



rteN 



\S\=n 



The space X is the completion of coo(D) with the above defined norm. It is clear that X is 
isometric to the space ( J2 © £ 1 (2 n ) ) . The space X* is isometric to the space ( © £°°{2 n ) ) 

VnGN / o VnGN / i 



and X** is isometric to I Yl © ^ (2 n ) I ■ The last space is not a <i-product of (£ 1 (2 n )) neN . 

VneN / oo 

(ii) The space Y 

The space Y is defined in a similar way as in the reflexive case. We set 

Vn = E e |> where S = ( £ li = and 

|5|=n 

<S(n)=l 



^ = < (yn)ngN >• 

It is easy to see that the space Y is isometric to I 1 and u>*-isomorphic to Cq(N). 
(iii) The set W 

For any initial segment s of D we denote 

<5gs 

Clearly, \\x s \\ = 1. 
We set = co{±x s : s is an initial segment}. 
For any infinite branch 7 of D we set 



x 7 = X) e 5 = w* — lim x 7 i 

<5G 7 



where the series is taken in the tt;*-topology and x 1 G X**. 
Proposition 5.2. T/ie set is \-norming for the space Y . 
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oo oo 

Proof. Let y* G Y such that ||y*|| = 1. Then y* = £ \ n y* n and £|A„| = 1. Set M = {j G N : 

n=l n=l 

Xj > 0}. We can assume that ^ Aj > ^ and let 7 = (ej)jgN where = < !. !t ^ ^ . 

Then x^(y*) > \ and hence lim x y \ n (y*) > \ which proves that W |-norms Y. □ 

Proposition 5.3. The set W is a thin subset of X. 

Proof. Assume on the contrary that W is not a thin set. Then for every e > there exists a 
normalized block sequence (z„)„ g n in X and A > such that 

B z c XW + e^x 



where Z = < (z n ) n6N >. 

We denote by W the w*-closure of W in X** and by the compactness of W in the w*-topology we 
get that 

Bz** C XW + eBx** ■ 

We denote by Br(Q), <S(2)) the sets of infinite branches, initial segments of 2) respectively. 
Define 

K c = {x 7 : 7 G £r(S)} 

K rf = {x s : 5 G 5(2))} 

K = K c UK d 
It is easy to check that VP = co 1 "* (K U - A - ). 

Finally ,M(if c ) denotes the space of the regular finite Borel measures on K c , Mi(K c ) = {/j, G 
M(K) : \ \n\\ < 1} and Q : X** -► the natural quotient map. 

Lemma 5.4. : .Mi^c) — > VV" is the natural affine map from the unit ball of the Borel measures 
on K c onto W then QR is an isometry between M.\{K C ) and Q(W). 

Proof. Notice, first that (K c , w*) is a compact metric space homeomorphic to the Cantor set {0, 1} N . 
Hence for any 8 G D the family (Ns)s£<z), where Af$ = {x 7 : 5 G 7} is a basis for the topology of K c 
and each Ms is a clopen subset of K c . 

Now for n G Mi{K c ) \\fi\\ = lim £ \n(Af s )\ = lim £ |i?/i(e 5 )| = d(Rfi,X) = \\QRli\\, and this 

n ^°°|5|=„ n ^°°|«5|=n 

completes the proof of the lemma. □ 

Lemma 5.5. Let (/i^gs be an uncountable family of measures in M.\{K C ). Then for any 5 > 
there exists an uncountable family {{£i>Ci}>* G 1} of pairwise disjoint two-points sets such that 
{/z^ — hq,i G 1} are pairwise (5-singular, i.e. for every i E I there exists a Vi G M.\(K C ) such 
that \\vi\ \ < 5 and the elements of the family {fi^ — — t>i}ig/ are pairwise singular. 

Proof. : It is well known ([L]) that M\(K C ) is isometric to 

© where {/U 7 } 7 <2™ is a maximal family of pairwise singular probability measures 

inMi(ifc). 

The isometry assigns to each fx G M(K C ) the vector j^T j 
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Since K c is a compact metric space, each L 1 (/x 7 ) is a separable Banach space. 
Given 5 > 0, for each (eHwe choose a finite subset F% of 2™ such that 



< $ 



Apply Erdos-Rado theorem ([KM]) to get an uncountable S' subset of S and F subset of 2^ 
such that for £1,62 G 2', £1 / £2 we have n F^ 2 = F. If F = then the measures (^)^es' are 
pairwise ^-singular, hence for any family G J} of pairwise disjoint two-point subset of H', 

the measures {//^ — //^jig/ are pairwise |-singular. Therefore we assume that F ^ 0. 



We set T£ = Y 377" f° r any £ G H'. 



7G-F 



Since ^ ©L 1 (/i 7 ) is a separable Banach space there exists an uncountable family {{£j, £j}} ie/ , 
of pairwise disjoint two-point subsets of S' such that for each i £ I 

li^-^li<i- 

It is easy to check that the members of the family {/j,^. — /v 4 : i G /} are pairwise <5-singular □ 

In the sequel by a normalized block sequence in the space X we understand a sequence (z n ) ng N 
of vectors of X with finite supports (E n ) n£ ^ and 

max{|<5| : 5 G E n } < min{|5| : 5 G E n+ i} 



Lemma 5.6. Let (z n ) n ^fq be a normalized block sequence in the space X and {M^}^ e = an uncount- 
able almost disjoint family of subsets of N. For any £ G E set zT = Yl z n, in the w* -sense. Then 



neMc 



the family {Q-z|*}^<=h *s isometrically equivalent to the usual basis o/co(S). 

Proof. Since (M^)g e s are almost disjoint and (z n ) ng N is a normalized block sequence then 



i=l 



lim 

n— >oo 



£A^*|L5:H>n} 



i=l 



max{|Aj| : 1 < i < n} 



□ 



Completion of the proof of Theorem |5.l| 

For e = ^ choose a normalized block sequence (z n ) n ^ and a A > such that 



B z C AW^ + e^x, where Z = < z n ) ne m > 
Let (iV^)g e s be an uncountable almost disjoint family of subsets of N and for any £ G S define 

Since (^|*)geH is a subset of Bz** there exists a family {/^}g gS in _Mi(ir c ) such that 

\\\QR^-Qzl*\ \ < e. 
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Since = 1, it follows that 

l-e < HA^H = \\XQR^\\ < 1 + e. 

By lemma |5J)| we get an uncountable family {A/i^ — A/u^}jg/ which is ^-singular. Since 
\\Q(zg - z**)\\ = 1, we get that 

l-2e< ||AQL(/^ -MCi)ll < 1 + 2e 

and also we have that 



||AQ^ i -/i Ci )-(4*-^;)||<2 £ . 



Hence 



> 



v;aq /»'(//, - ^ Ci ; 



i=l 

(1 - 2e - 2<5)n - 2e > (l - \) 



i=l 



2e > 



which leads to a contradiction for n > 4 and the proof is complete. 

6. CONSTRUCTIONS OF BLOCK-H.I. SPACES 



□ 



In this section we present a general method of constructing block-H.I. Banach spaces; thus for 
any sequence (X n ) n€N of separable Banach spaces we define a d-product such that the resulting 
space is a block H.I. space (Definition |2.3| ). They are mainly two ways to define such a norm. The 
first is to follow Gowers-Maurey methods and the second is the method developed in AD2] using 
the analysis of the norming functionals. There are several variations that give more information but 
we do not use them since the whole construction becomes more complicated. Thus, for example, 
one can define a block-H.I. d-product norm such that every block subspace has to be an asymptotic 
i 1 space. 

Notation. Let [N] be the space {0, 1} N of all the subsets of N with the product topology, [N] <£jJ 
the set of all finite subsets of N. A set A4 C N <U} is compact if it is a closed subset of [N] and 
adequate if whenever B C A and A £ A4 then B £ M. 

A sequence {E\, E n ), n £ N, of finite subsets of N is called Ai -admissible if there exists a 
set {mi,...,m n } £ M. such that 
mi < E\ < ni2 < Ei < ... < m n < E n . 

/oo \ 

A sequence (x\, ...,x n ), n £ N of vectors of Qoq = \\X n I is called M. -admissible if the sequence 

V 71=1 / oo 

(suppxi, ...,suppx n ) is A4-admissible. 

Let 9 £ M and M C [N]< w . A subset -K" of Ooo is called (M, 9) -closed if for any A4-admissible 

n 

sequence (xi,..,x n ) of elements of K,9^Xi £ K. If A C f^oo and (A4 n ,# n ) ne N is a sequence such 

i=l 

that A^n C [N] <a) and 9 n £ M for every n £ N, if(A, (A4 n , # n )neN) is the smallest subset of Ooo 
which contains A and it is (A4 n , # n )-closed for every n £ N. 

In the sequel we consider families M. n C (N]< w which are compact, adequate and # n \ 0. 

Let (A n , ||.||) ng pj be a sequence of separable Banach spaces. For each n £ N let T n C X* such 
that: 

1) .F n is a countable symmetric subset of 

2) For every x £ A" n ||x|| = sup f{x). 

f&Fn 
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oo \ oo 



Every / = (/ n )neN G I Y\ -^n ) i s a functional / : n X n — > R defined by the rule f(x) = 

\n=l J oo «=i 

oo oo 

Yl fn(x n ), where x = (x„)„ 6 n G J} X n . Every / G X* is coincides with the element (0, 0, /, 0, ...) 

n=l n=l 



oo 



of n k 

\n=l / oo 

Definition 6.1. XTie (M n ,9 n ) n( zfq-d-product of a sequence (X n , ||-||n)neN of separable spaces is the 



completion of Y\ X n \ , \\.\\ K \, where \\x\\ K = snpf(x) and K = K[ |J T n , (M n , 9 n ) ne n 
\\n=l /oo / f£K Wn 

If for every n G N dim X„ = 1 then the (A4 n , 6> n ) ne N-d-product coincides with the mixed-Tsirelson 
space T ((A4 n , n ) n& ) introduced in [AD2], where T n = {e*,— e*}, e*(e n ) = 1 for e n G X n such 
that 1 1 c^ll^ = 1* 

The sequence (e n )J^ =1 is a 1-unconditional basis of T ((M. n , 6 n ) n ^). 

Remark 6.1. It is easy to see that the set K in the above definition is also defined inductively in 
the following manner 

oo / oo \ 

K = U K s where K° = \J T n and if s > 1 K s = K s ~ l (J \JK?) where 

s=0 n€N \i=l ) 

K? = \0i £ f k : (fi, f d ) is .Mi-admissible and f k G K s ~ l 
I fc=i 

We denote by 

oo 

Aq = K° and if n > A* = \J K s n . For n > the set A* is described as. 

s=0 

d 

flnE fk : d G N, (/i, f d ) is A4 n -admissible and f k G AT 
fc=i 

For every / G X we define 

= max{n : / G A*} 

As in the case of previously defined H.I-spaces ( [pM ], | AD2(| ) we need an appropriate auxiliary 
function that we define below 
We denote by 

K = {(/i, fd) ■ d G N, h < - < fd, fi€K,i = l, d}. 

Notice that the set JC is countable. 

There exists a : K, — * {2j : j G N} such that 

a) o-(f) > j(f) for any f £ K 

b) If -, fn, fn+l) G K, then er(/i, / n ) < <t(/i, / n , / n +i) 

c) o" is a one to one function. 

The injection <r defines a subset L of IT as follows: 
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oo 

L = |J L s where 

s=0 

(i) L° = K° = U ?n, L °j=® for every j G N 

oo 

(ii) If s > L s = \jLf where 

s=0 

L|j = i-^^ 1 U{^2j(/i + ••• + fd) ■ d G N, /rf) is a A42j -admissible sequence of elements of 
L s ; } 

L' 2 s j+1 = ±L s 2 ~l 1 \J{6 2 j + i(fi + ... + fd) ■ d G N, (f 1 ,...,f d ) is A4 2 j+i-admissible sequence of 

elements of L*" 1 , /1 G -^j^T 1 W1 ^h A; > n 2 j+\ and G ^(/i /•) fo r z — 1}> wn ere {nj)'JL l will be 
a strictly increasing sequence of positive integers. 

L 2j+i = {/l[fc,+oo) : / G and fc G N}. 

00 

We set B* = (J if. 

s=i 

Definition 6.2. T/ie (A^ n , # n )^ gN -product 0/ a sequence (X n , ||.|| n )neN of separable spaces is the 

completion of i i Y\ X n 

V \n=l / 00 

Remark 6.2. TTie norms \\-\\k, \\-\\l defined above by the sets K,L satisfy the implicit relations: 

\\x\\k = max {||x||oo, sup IswpOk \\ E i%\\K 
{ KeN { i=i 

where the second "sup" is over all the M^- admissible sequences (E\, ...,Ed), d G N of intervals and 



\\x\\ L = max <^ I |x| |oo, sup <^ sup^fcSII^IU f > sw P(f( x )) 
I Ken { i=i J 

00 

where f G \J 5|s-i (E\ < ... < Ed)M.2k- admissible sequence of intervals. 

s=l 

Remark 6.3. Let i(M) be the Cantor-Bendixson index of Ai. If i(Ai) > u> we set = 0. ^4 
modification of the arguments of Proposition 1.1 in [ AD2| proves the following: 

Proposition 6.1. Let (X n , ||.||n)neN be a sequence of separable Banach spaces 

00 

(a) The norm (-A4 n , # n )^ gN on Yl X n is shrinking. 

a 1 

(b ) If there exists n G N such that 9 n > * then this norm is also boundedly complete. 

(c) If (b) is satisfied then the (-M n ,# n ) fJ -product is a reflexive space if and only if every X n is 
reflexive. □ 

Our goal is to show that for appropriate choice of sequences (A4 n )neN, (#n)neN we get that the 

00 

(-M n , # n )^ gN -product norm on Yl X n is a block H.I-space for every sequence (X n , ||.||n)neN of sep- 

n=l 

arable Banach spaces. 

There are several choices of such sequences. We will use the following two sequences that enable 
us to give a relative simple proof. 
We denote by A n the compact family 
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A n = {F C N : |F| < n}. 

We select two sequences of natural numbers in the following manner. 

Set mi = 2 and inductively mj+i > m\. Next we set rij = 3, n« + i = n\\ where Sj is an integer such 
that 2 Sl > mf +1 . 

Theorem 6.2. Let (X n ,\\.\\ n ) ne ^ be a sequence of separable Banach spaces. Then the (^A Hi , - 
d-product of the sequence (X n ,\\.\\ n ) n& ^ is a block H.I-space. 

oo 

Notation. We denote (Xj, \.\j) the norm defined on f\ X n by the set of functionals Kj = 

n=l 

K I U T n , (A ni , ^-)j = i I we first prove the following proposition that gives some upper p-estimates 

VneN / 

for the \.\j norm. 

Proposition 6.3. For every j = 1,2, ... and x G Xj, \x\j < \\x\\ p where p = minjpj : 1 < i < j} 
and pi = Y-\og~ml ■ 

oo 

Proof. It is enough to show that \f(x)\ < \\x\\ p for every / G Kj = [j 

s=0 

We will prove it by induction. 

For s = and / G if? we have that |/(x)| < || %\ |oo ^ | |x| |p. AssumG tlicit th.6 stcit6iii6nt hcis been 
proved for 0, 1, ...,s and let / G Kj +1 \Kj. Then / = + ••• + /d) for some 1 < k < j and 

fi, fd successive elements of K?, d < n&. 

If i = 1 - ^- then ^ = log nfe m fc so m fc = nj qk . Let = ranfi for i = 1, d. Then 

i/Pfc 



d d / d \ 

< iEI/i(£)l < iEll^llp < ^ 1/<?fc Elixir 

i=l i=l \i=l / 

<(£) (gll^ll?) <PI|p- □ 



Definition 6.3. Lei if = K (J JP" n , (,M n , # n )neN I and (f) & K. An analysis of <f> is a sequence 

VneN " / 

(K s (cj)))f = smc/i that 

(1) K s (4>) = {/i,...,/d s } w/iere /i < ... < f ds and fi G K s /ori = l,...,d s 

(2) |J suppf =supp<p 

(3) If s > and / G K s ((j))\K s ~ 1 ((f)) i/iere exisi n G N and a M. n - admissible sequence (fi,—,fd) 

d 

of elements of K 13 " 1 ((f)) such that f = n J2 fi- 

(4) K m (<f>) = {</>}. 

If<t> = ^(/i + - + fd), where /i, ..,/ d G K m_1 (0) we rfe/ine = ^. 

Remark 6.4. fa,) follows from the inductive definition of the set K that every <fi G K has an 

oo 

analysis. Further if L is the subset of K that defines the (M. n ,9 n ) a n&i -product norm on Y\ X n then 

n l 
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every (ft £ L has an analysis in elements that also belong to L. 

(b) The analysis of a functional (ft is important for the proof that the space is block-H.I. Essen- 
tially it will permit us to estimate the action of a functional (ft £ L on a certain block average by 
using a functional ift acting on an average of the unit vectors of the basis in the following space 



■Ainu 



i=l 



defined below. 

r / , \ oo i 

the mixed Tsirelson space 



Definition 6.4. For (mi)i^, (nj)j G pj we denote by T 
defined by these sequences. 



i=l 



Remark 6.5. Us we mentioned before mixed Tsirelson spaces are special cases of the (Ai n , 9 n )neN- 

oo 

d-product norm of Y[ X n where dimX n = 1. 
n=l 

oo 

In this special case we denote B* = |J Kf which is equal to the set 

i=l 

{^- i (fl + - + fd)-d<2n i J 1 ,...J d £Kandf 1 < ...<f d }. 

Further for f £ B* we denote w( f ) = ^- to be the weight of the functional f. 

Lemma 6.4. For the sequences (mj)j G jsj ; (nj)j e ^ defined above we have that the sequences p\ = 



i=l 



is isomorphic 



-i ,3 — — , pi = 1 — — — , are strictly decreasing to 1 hence the T 

to £ p . . 

Proof. The first part follows easily follows easily from the choice of (rriijig®, (nj)jgN and for the 
second we refer to [AD1|. □ 

Lemma 6.5. Let k £N and x = — Y^e*. Then 

i=l 

(a) For every q = 1, 2, ... and (ft £ B* 

[ — - — if q < k 

oo 

(b) If (ft £ B* and there exists an analysis (K s ((ft)) 1 £L of (ft such that for every f £ (J K s ((ft), 
f i B* k then \(ft(x)\ < ^. 

Proof, (a): If q > j the estimate is obvious. 

Let q<j,0 = ^(/x + ... + f d ), d < 2n q , fi < ... < f d £ K and (K s ((ft))% be an analysis of (ft. 
We set 

m 

i : 1 < i < nfc and there exists / £ (J K s ((ft) 



s=0 

such that w{f) < ^- and i £ suppf 



and 



J = {1, ...,n k }\I 

i&I i£j 
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Clearly |<£(xi)| < 



m q m k 

Also for estimating we observe that 

1 s k — 1 3 k — 1 s ^ ^ 

fc - n fc-i fHI — - Tk=r - W 



i_l > 2 4s fc-i > m 



12 



and by lemma I^J and Proposition 

n-k 

*=1 fc-1 



(a:2)| < Mfc-l < i 



— rife k 



So 



x < 



(xi)| + |0(x 2 )| < 



1 



1 



m 9 m fe m£ 



2 

m q m k 



1 < -4 



X < 



(b) If g > k then 

If g < k then we observe that <f>\j where J is defined as in the case K belongs to the norming set 
of T [ A 2ni . hence 



rik 

i=i 



i=l 
< 



nk 



«fe 



i=i 



< 



fc-i 



□ 



Definition 6.5. ^4 vector ih {] X n I is called a n^-average 2/ i/iere is a sequence x% < ... < 



x n . of normalized vectors of I J\ X n I suc/i that x = ^-(xi + ... + x n ). 

Vn 1 /(Ml ' 

^4 nj-average x is called seminormalized i/||x|| > \. 



( 00 \ 

Definition 6.6. ^4 sequence (x J )Ji 1 of successive elements of I J| X n J is called an^-rapidly 

\n=l / 00 

increasing sequence or a RIS i/ 

(i) For every j = 1, ...,n, Xj is a seminormalized n rj -average where k < r\ < r 2 < ... < r^. 

Pjlki < iZ^-i f° r ever y 3 = ! 5 2, ... . 



For every k G N i/ie vector x 



(Xi + ... + X 



is called a re^-RIS average. 



£j t4 sequence (xj)'^ =1 of successive elements of I Yl X n I zs called a rapidly increasing se 



n=l 



00 



quence or a RIS if 

(i) For every j = 1, ...,n, Xj is a seminormalized n Tj -average where r\ < r 2 < ■■ 

(H) \\xjWi! < mJ-^-i f° r every 3 = 1 ' 2 '"- 



Remark 6.6. The above definitions are similar to the corresponding in Gowers-Maurey's example 
flGAJH . The existence of seminormalized nj -averages for every block sequence is established in the 
following proposition and the proof follows their method. 

( 00 \ 

Proposition 6.6. Let (i/i)^ 1 be a normalized block sequence of I Yl X n I • For every k > there 

\n=i J 00 

exist xi, x nk normalized blocks of .(yi)^ =1 such that 
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Proof. Case 1: k = 2j + 1 for some j£N. 

We define H2j+i- averages in Y =< (yi)j=i > as follows: 

For every S N we set x% = y£ = y& and inductively 

~(t+D i fcn ^ +1 ~w , -(t+i) 4 t+1) 



1 = 1 h — 1 iin.ni i -i 4-1 II k 



' i=(k-l)n 2j+1 +l 

tha 

true then 



We claim that for some t, 1 < t < «2j+i — 1 and k = 1, ■ ■^n^j'+i 1 , 11^4 || > |- Indeed, if this not 
i|~(^+i)|| > 2 s 2j+1 -i V vjll = 2 ' 2j+1 " 1 || V uJI > 2S ' J+1 ~ 1 > 1, which is a contradiction. 

™2j+i i=l JT i=l JT 

Case 2: k = 2j for some j G N. 

We define n2j-averages xl in Y =< (yi)^i > as in previous case and then for some 1 < t < 
•52j'S2j+i — 1 and fc = 1, n2^ jS2j+1 1 , || > \ because if this is not true then 

||^^+l|| > 2 s 2j s 2j+1 -l_!_U V £ || > 2^+lli j 
II 1 II — n 2j+2 II ^ »*ll — m 2 j+2 

j=l 

which is a contradiction. □ 



Remark 6.7. (a) From the above Proposition 6.6 we get that for every (j/j)^ a normalized block 



sequence of vectors of I f\ X n I there exists a sequence (xi)^ of successive blocks of {yi)°^ l 

\n=l / oo 

which is a n^-RIS. 

(b) Our strategy in order to prove that the space X is a block H.I-space is the following. 

In the first step we will show that every n^-RIS average behaves like the n^- average of the vectors 



of the basis in the space T 



Aim , -hr. 



. Then we shall introduce the dependent sequences which 



will give us the desired result. To estimate the norms on the averages of the dependent sequences 



we will use again the space T 



The main tool for passing the estimates from one 



space to the other is the analysis of the functionals that we introduced above. 



oo 



/ oo \ 

Lemma 6.7. Let j > 2 and x 6 I Yl X n I be a nj-average. Then for every n < nj-\ and 

\n=l / 00 
n 

E\ < ... < E n successive intervals of integers X] 11-^^1 1 — 2- 



n i _ 

Proof. Let x = — ^Xk where x% < ... < x n . and ||xfc|| = 1 for every k = l,...,rij. For every 
3 fc=i 3 

i = l, .... n define 



Ai = {k : 1 < k < nj and suppx^ C Ei} 
Bi = {k : 1 < k < rij and suppxk fl Ei 7^ 0} 



The sets Ai are pairwise disjoint and \Bi\ < \Ai\ +2 
Since the norm is bimonotone, for every i = 1, ...,n 
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11^*11 <^ll Z*k\\<£\Bi\<MA i \ + 2) 

3 k&Bi 3 3 

Therefore 

n / n \ 

IIE^II < £ El^l + 2n < ^(n i + 2n i _ 1 ) < 2. 

The proof is complete. □ 

Proposition 6.8. Let k > 2 and (a;j)j=i ^ e a n k-RIS with Xj be a n r .-seminormalized average and 
4> G K such that w(cj)) = — . Then there exists a functional ip G Kt such that for every j = 1, n& 
|0(%)| < 2V( ei ). 

Moreover if r < r\ then if) G 5* and if rt < r < rt+i then ijj = ^(ipi + e*) where ip\ G -£>,*_ i and 
i ^suppipi. 

m 

Proof. Let (i^ s (^))^Q be an analysis of 0. For every / G U K s (4>) we set 

s=0 

Dj = {j : suppcf) n suppxj = suppf f] suppxj ^ 0}. 
Using induction on s = 0, ...,m we shall define for every / G (J K s {(p) a functional G IsTt with 

s=0 

the following properties. 

(a) suppgj C Dj 

(b) For every j G £>/, |/(%)| < 2 5/ ( ej ) 

(c) g f G #r 

Moreover gj G (-B*) if r < n and if r t < r < r t+ i 5/ = + el) and i ^suppgj. 

If / G K°((j)) and D/ 7^ then = {A:} for some k, 1 < k < n. In this case we set gj = e\. 

s-l 

Let s > and suppose that gj has been defined for every / G U K l (<p) and let / G -K" s (0)\-fT s_1 (0) . 

i=0 

Then / = — (/1 + ... + /d), d < n q , fi, fa successive functionals of K. 
Case 1: g < r\ 

Define J = {» : 1 < i < d and D fi ^ 0} and T = D/\ (J D f . 

iel 

We set 



9f 

m, 



9 \ie/ jeT / 



Property (a) is obvious. Since |/| < n g and \T\ < n q . We get that gf G ifr hence property (c) 
To prove (b) let j G Df. If j G -D/-. for some i = 1, d then 



If j E T, let 2^ = Tanfi for i = 1, d. Then by lemma 16. 



\m)\ < ^Ell^ill < 4 = ^^(e,-) = 2 5/ (e,) 

i=l 

Case 2: g > r\ 
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Let t the integer with the property Tt < q < rt+i for t = 1, ...,np.. 
Subcase 2a: t £ Df or t G U-°/i- 

We set 

m<? " 1 \ieJ ieT 

satisfies properties (a) and (c) since \I\ + \T\ < < n n _i < n ? _i. 
To prove (b), let j G Df. If j G .Dj. for some i = 1, then 

12 1 

/(%) = — < — 9fi{ej) < 9fi(ej) = 9f(ej). 

m q m q m g _i 

If j G T and j < i then r J+ i < r t < q and by the property (ii) of RIS we get 

1 1 1m 1 

|/(%)| < — ]T|/^)I<— INk< — < 

m n *—? m q m 9 m rj+1 _i rn q -i 



i=i 



e 7 \ e jy 



If j G T and t < j then by Lemma 6/7 we get 

l/(%)l = < jfcEII^II < i < ^fe) = ^/fe) 

i=l i=l 

Subcase 2b: t £ T. Then we set 



9f = —\1^9fi+ > e 



ieJ ier\{t} 



as in subcase 2a, < gj(ej) for every j G Df\{t}. 

For j £ T, j ^= t by the previous subcase we get that \f(xj)\ < 2gj(ej). 

For j G % then |/(%)| < ^| < 9 fi {&) < ^/fo). 

We set gf = \{g) + ef ). Then < 1 = 2\e\{e t ) = 2gf{e t ). This completes the proof. 



Proposition 6.9. Let (xj)j^ be a n^-RIS of elements of ( \\ X n , , 

vn=i / oo 



G K such that w( 



and x = ^-(5>i + ••• + x nk ). Then 



(a) \m\ < { 



m k m r 
2 
m r 

2 



+ — < — 

m r -i n k — m k 



(b)Ifk = 2k' for some k' G N 



if 



r < k 



if k < r < r\ 
if r\<r 



1 <llxii<4- 



2m k 



rn k 
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Proof, (a) it follows from the above Proposition and Lemma |6.5| (a) 

(b) The fact ||x|| < ^- follows from (a) If k is an even there exist successive functionals fj G L 
such that fj(xj) > \ for every j = 1, ...,n k hence the functional / = + ••• + fn k ) G L. So 

\\x\\>f{x)> ^. □ 

We pass now to the final stage of the proof. In the following we introduce the (2j + Independent 
sequences that we will use to prove that the space is block-H.I. 

Definition 6.7. Let j > 2. A sequence (yk)^^ 1 of successive vectors of I Y\ X n ) is called a 

\n=l / oo 

(2j + Independent sequence if there exists a sequence (y^)^^ 1 of successive elements of L such 
that for every k = 1, ...,7i2j+i 

(a) y* k G B 2rk 

(b) n 2j+ i < n < ... < r n2j+1 

(c) 2r k = o-(y{, ...,y* k _^) for k = 2, ...,n 2j+ i 

(d) Each y k is a n2r k -RIS average 

(e) suppy k C [minsuppy k , m&xsuppy k ] = r( ^nge{y k ) and 

2m 2rfc — VkW*) — m2rk 

The sequence (y^J^ 1 is called the dual sequence of (yfc)fc=i~ 1 • 
Given a (2j + \)-dependent sequence {jjkfklt 1 f or every k we set 9 k to be the positive number such 
that y* k {6 k m2r k yk) = 1- Clearly \<9 k <h. 

Remark 6.8. For every j > 2 and for every normalized block sequence {xi) c £L 1 there exists a 
(2j + \)-dependent sequence {ykfkli 1 such that each y k is a block vector of (xi)'?l 1 . 

Lemma 6.10. Let {ykf^t 1 be a (2j + l)-depended sequence and (rn2r k ) k l =i 1 , (Ok)^^ as * n defi- 
nition 5.7. For every sequence (z*)f =1 of elements of L, d < n2j+i such that z* G s = 1> —id 
and U2j+ 2 < t\ < ... < t s , and for every k = 1, ...,n 2 j+i such that rk ^ t s for every s = 1, d 



d 

E z s ) (rn 2rk yk) 

s=l 



< 1 



IT 

2j + l 



112, 



k 



Proof. y k = Yl x j where (x/) 3 -=i is a n 2rfc -RIS. 

rk i=i 

Let si be the maximal integer with the property t Sl < r^. If s < Si then by Proposition 6JS we get 
|z«(?/fc)l < ™ — ~~ — and therefore 



s=l 



X>2 (m 2rk yk) 



< 4Y^— < < 
— /—d mot„ — mot, — 



For every s > si + 1 set 

( d \ 

D s = {j -.suppXjHsuppz* =suppXjC\supp\ z l 7^ 

y s =si+i J 

The sets D s are pairwise disjoint. We define also 
I = {s > si + 1 : D s ^ 0} and 
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E 4(y k ) < E 

s=si+l sG/ 

3y Proposition |6,9| for every s E I 



n 2r , E %j 

k jeD s , 



+ E — 



— E v 

k 3&D S y 



e « 

.8=81+1 / 



< 



+ 



m 2 t a -i n 2 



So 



E 

sei 



d „ 

< 2 , 2n 2 j+i 

— mats-i «2ri. 

S=Sl+l 



If j G T, Xj is a .-average and lj > 2j + 1 and by Lemma |6V7 
d 

< 2. So 



E 4 (%) 

=81 + 1 / 



E — 

Putting all this estimates together 









( £ 


(.Xj) 


< 


ys=si+i J 







8=1 

< 



< 



^+ E 



2«2j+l 



_j_ 4 "2j+l < 



- 2^ 



2j+l 



i 4 , 4n 2j+ i < 

m 2tl -l n 2rfe - nl~ +1 



1 



□ 



Lemma 6.11. Xe£ (yfc)^^ 1 fre a (2j + 1)- dependent sequence, (y^)^^ 1 

(^2^)^=^ as above 
Then for every 



its dual and (0 1^)^=1 1 ■. 



V 



2j+l \ 

D (-l) fc ^m 2rfc y fc < 1. 

c=l / 



1 



Proof. Let G ^2j+i- Then there exists a a-dependent sequence (z*. 
interval i? = [/, +00) such that 
and £?2 = max{/c = 1, d : (z*, 
Then 



d — n<2j+i and an 

0. 



lh , ^E{z{ + ... + z* d ). We set h = mm{k = 1, ...,d: Ez* k ^ 0} 
,z*i) = (y*, ...,y*^} otherwise we set hi 

,„ . 1 ^1 + yk+i + ••• + ?4 + 4 2 +i + - + 4) where 

' Z fc 2 + 1 T 1 Vk 2 + V 



1 



We set Zfc = 9km2r k yk and note that ||zfc|| < 16. 
We get the following estimates: 




"fc 1 (-l) h yl(e k m 2rk y k ) 
k=k 1 +l 



m 2 j + i 



m 2j+1 
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(b) \<t>{h 1 )\ = ^Jx* kl (z kl )\< T ^-\\z kl 



(c) \m 2 )\<^—\yl 2 (z k2 )\ + 



m 2j+l 
4 

m 2j+1 



< 



16 

™2j+i 



E 4 (*k 2 
k=k 2 +i j 



lfk>k 2 + l then z* k G jB^ , 

2£ fc =ff(j/*,...,l/fc 1 ,«fc_ 1 ) > <r(y*) > 2n 2j+ i 

2ifc = <r(y*, -,y kl ,4-i) ^ -^fa-i) = 2rfc 2 and we a PP!y Lemma |oTTfj to get 



™2j+l 



E 4)(zk 2 

k=k 2 +l I 



< 



--T— and so |^(4 2 )| < 

-L ,fc On_i_i 



"2j + l 



(d) |<K4 2 +i)l < 



m 2j+l I fa + l 

(by Lemma 6.10[) 

(e) If A; < fcj then 0(z fc ) = 

If k > k 2 + 1 then 10(4)1 



(% 2 +i)| + 



m 2j+l 



1 



m 2j + l 



E 4 (zk 2 +i, 

,k>k 2 +l I 



< 



17 



1 



E 4 \%) 

K l=k 2 +l J 

Since I > k 2 + 1 and A; > &2 + 1 € -B^ where 

2ti = a(yl,...,yl 2 ,..,zf_ 1 ) / <r(yf, jfc, y^_J = 2r fc and by Lemma glC 



\<P(z k )\ < 



i 



m 2 j+i n 



< 



2j+l "-2J + 1 



By (a), (b), (c), (d), (c 

/n 2j+ i 

• E 

V fe=i 



< 



+ 



16 



, z i 17 , "2j + l < i 
m 2j+1 ' m 2 j+i m 2 j + i ' m 2j+ i ' n% j+1 — 



□ 



Lemma 6.12. Let <p G L, (y k ) k =\ , { r ^ l 2r k ) k li > {&k) k =\ as * n Definition \6. % and 

n 2 j+i 

x = W2 i X] {~^) k ^ki^2r k yk, then there exist a if) G i^r a^rf «^ analysis (K s (tp)) , ]L of if) such 



k=l 



n 2 j+i 



that w(g) / /or every o G U^'M and 0(^)1 < 2 ^ (^^7T E e fc 

Proof. Let (j) £ L and {i^ s (<^)}^ be an analysis of such that 

m m 

|J K s ((fi) C L. Let Fi,...,Fi be the maximal elements of [J K s (<p) which belong to B%; +1 , i.e. 



s=0 



there is no h G |J K s (cj)), such that u>(/i) 



i 



s=0 



m 2j+1 



and suppFi ^supph for some i = The 



functional F\,...,Fi have disjoint supports. 

m 

For every / G U K s {(p) we define = if / £ F% for some i = 1, i. 
Otherwise we define 

Df = {k = 1, ...,n 2j+ i :suppy k Dsuppf =suppy k C\supp4>}. 

m 

For every / G |J K s {cj)) we shall define a functional 5/ G ify with the following properties: 

s=0 

(a) suppf/y C £)/ 
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(b) 



fe=l 



If / € and £>/ = {&} then we define gj = e* k . Let / E K s+1 ((/>)\/r s (</)) and suppose that yj 

has been defined for every / G K s ((f>). 

If = m ^. +1 and -D/ 7^ then f = F% for some z = 1, Z. Let fc^ = min{/c : G Df} we define 
By Lemma 6.11 



n 2j + l 
1 



n 2j + l 



25/ 



n 2j + l 



"i2j+i 



and -Dy 7^ we define 5/ as in the Proposition ^8 



Ifw(/)^ 

Finally ip = gj,. It follows from the inductive construction of if) that the family {gj : f G U-fP 



£)y 7^ 0} defines an analysis of ip in Ify hence w(g) 7^ 



1 



»™2j + l 



for every g G U-fT s 



□ 



Proposition 6.13. Lei (y/c))!^ 1 fre a (2j + 1)- dependent sequence, (y^)?^ 1 i£s dua/, (^fc)^^ 1 , 
MET 



' 1 as in Definition \6. % Then 



(a) 
(b) 



"2j + l 

r — 



fc=l 



rt2j+i 



hm 2rk yk 



> 



1 



"I2j+1 



fc=l 



< 



Proo/. (a) Since / = ^-(yj + ... + y* 2j+1 ) G L 



n 2 j+i 
k=l 



m 2 j 
> 



/n 2]+1 

V fc=i 



1 



m 2i+i 



(b) It is a consequence of Lemma |6.12 and Lemma |6.5| (b). 



□ 



Proof of the Theorem K2\ 



Let y, Z be two block subspaces of X and e > 0. Let j such that —f — < e and r± > 2j + 2. By 



Proposition 3.6 there is a yi G Y which is a n2 ri -RIS average and y* G B% n such that y*(y"i) > — ' 

Let y 2 & Z such that suppy 2 > rangy\ which is a n2 r2 -RIS average, where 2r 2 = cr(y*) and y| G .EfcjL 
such that y 2 (y 2 ) > 

In this manner we obtain a (2j + Independent sequence {ykf^i 1 such that y k G Y" if k is an odd 
number and y^ G Z if k is an even number. 

Let {yXfl^i 1 its dual sequence and {9^=^ such that yl(0km 2rk yk) = 1- 

™2j + l 

If y = E G k m 2rk y k 

k=l 
k odd 
n 2j + l 

z = dkfn 2 r k yk then y G Y", 2 G Z and by Proposition 6.15 . 



k=l 

k even 



\y + z\\ > 



1 

m 2 j+i 
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SO 

||y — < — r — ||y + z\\ < e\\y + i||. and the proof is complete. □ 

m 2j+l 

Corollary 6.14. Let X be a separable Banach space and W a bounded convex closed symmetric 
thin subset of X. If ||.|| n is the equivalent norm on X defined by the set 2 n W + 2~ n Bx and X the 

■A ni , — ) -product of the sequence (X, ||.|| n )neN then the diagonal space AX is a H.I. space. 



Proof. It follows from Theorem p.2| and Proposition 2A. □ 

In the sequel by T3 we denote the mixed Tsirelson space T [A^ n ,, — ) , where (rrii)i, (rtj)j are 

V 1 / ieN 

the sequences used in the definition of X 

Proposition 6.15. Let (xi)°2 =1 be a RIS in X of (n r .)j— averages. Then for every <j> G K there 
exists tp G Kt 3 such that for every (\i) ( *L 1 C R 

<f> (f^^iXiJ < 2ip (J>2\\i\e)j + 2max{|Ai| : i G N} 

Proof. For <p G K, we choose (K s (4>)) 1 ^=o an analysis of (p. For each i G N we denote by f % the 

m 

unique element of \J K s (</>) such that 

i=0 

(1) suppf l C\suppxi =supp(pr\suppxi 

(2) /* G K Si (<fi) and for s < Sj there is no / G K s (<p) satisfying (1) for the vector Xj. 

i£N: w{p)—^— \ and I = N\M and for every / G (J K s (4>) we set D f = {i G 

m 

I -.suppfHsuppxi =supp4>r\suppx-i}. We inductively define for every / G \jK s (cp) a functional 

ipf G 2i^r 3 such that, for every i £ 7 

(a) suppipj C Df 

(b) /(xj) < 2tpf(ei) and either 

(ci) V/ G Kt 3 and w(ipf) = w{f) or 

(c2)There exists V 7 } G Kt 3 and i & I, i <suppif)j such that w(^) = and i\)f = e* + ^>i. 

s-1 

For s = the construction is obvious. Suppose that for all / G (J if V/ has been defined and 
let / G K s ((j)), f = + ... + /d), /1 < ... < /d are successive elements of K s ~ l ((f)). We set 

J = D f \ U A- 

3=1 

Case 1. For every £ G /, q ^ [r$, rj+i). In this case we simply observe from the definition of / that 



d 

q < ri for all i E Df\\J Df. Hence 
3=1 



d 
3=1 



jGFi ieFf jeFf iej 



< 2. We set iq = {j < d : ip fj G K Ts }. Then define 
. It can be easily checked that ipf G i£r 3 - 
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Case 2. There exists (a unique) iq £ J such that rj < q < r^+i. In this case we set 



r J rn q 



and tpf = + e* Q and the inductive construe- 



E ^ + E e|. + E <$ 

_ieFi ieFf ieFf ;eJ\{; } 
tion is complete. 

It follows that there exists ifi = such that either ^ 6 iTy 3 and w(tp,p) = w((f>) or ip = e* Q + 
with w(ij)\) = w((f>) and </>(xj) < 2tp(ei). The desired result follows easily from this and the proof 
is complete. □ 

Corollary 6.16. Let 6e a in X, Z =< (xj)?^ > and S : T3 — > Z the linear operator 

defined by S'(ej) = Xj /or every i € N. TTien S is a bounded non-compact operator. 

Remark 6.9. The space T3 /ias property (P2). Indeed if is any block sequence in T3 by 



Proposition 6.t there exists a RI block sequence of Since very subsequence of a RIS is RIS 



we easily get that T3 satisfies (P2) with {C^jk = ( n k)k- 

7. FINAL RESULTS-PROBLEMS 

This final section contains the main results of the paper. These are theorems concerning quotients 
of H.I. spaces and factorization of a— thin operators through H.I. spaces. In the final part we prove 
similar results for quotients of £ p -saturated Banach spaces. 

Theorem 7.1. Let A be a reflexive Banach space with an unconditional basis satisfying property 
(P). Then there exists a reflexive H.I. Banach space X such that A is a quotient of X. 



Proof. Recall that Property (P) is defined in Definition 3.1. By Theorem |3.9| it follows that the 
set W in Xa is an a— thin set for an appropriate positive null sequence a = (a n ) neN ,that norms a 
subspace Y of X\ isometric to A* . 

If || || n is the equivalent norm defined by Minkowski's gauge 2 n W + a n Bx A then by Proposition 
6.1 the (A ni , -d— product of the sequence ((Xa, \ \ ||n)) ne N i s reflexive. 



Since W is a thin subset of Xa by Theorem |6.2| and Proposition 2.4 the diagonal space D is a 
H.I. space. The space D as a subspace of a reflexive space is in itself reflexive and further A* is 
isomorphic to a subspace of D* (Proposition |2.5|) . It follows that D is the desired space X and 



the proof is complete □ 



Theorem 7.2. Suppose that A is either cq or a reflexive space with an unconditional basis such 
that every block subspace B contains a further block subspace Z complemented in A . Then A is a 
quotient of a H.I. space X.In the late case X can be chosen to be reflexive.. 

Proof. The proof is completely analogous to the previous one. For the space Xa and the set W, as 
defined in sections 5 for the space cq (N) and section 3 for the reflexive space A, we have in both 
cases that W is a thin norming set. Then we continue the proof in the same manner as before. □ 

Next, we list some classical spaces that are quotients of an H.I space. 

Corollary 7.3. Every IP (A), 1 < p < 00, £' p (N), 1 < p < 00, is a quotient of a reflexive H.I. space. 
Further on, Tsirelson's space T together with its dual and Schlumprecht's space S are quotients of 
a reflexive H.I. space. 
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Proof. It was shown in section 3 (Remark 3.1, Remark^) that LP (A), 1 < p < oo, t v (N), 1 < p < 
oo, satisfy the property (P) and as it is well known, they have an unconditional basis. Therefore 



the result follows from Theorem 7.1 . 

For Tsirelson's space T, its dual and Schlumprecht's space S it is known that they satisfy the 
complemented subspace condition of Theorem 7.2 hence there also exists the corresponding reflexive 
H.I. space mapping onto them □ 



Remark 7.1. (i) It follows by standard duality arguments that LP (A), 1 < p < oo, £ p (N), 1 < p < 

oo, the spaces T, T* , S, S* are isomorphic to a subspace of X* for a reflexive H.I. space X . 

In particular, the imbedding of I 1 (N) into X* shows that the dual of a H.I. space is not necessarily 



arbitrarily distortable. Recall that in [Tc] it has been shown that every H.I. space is arbitrarily 
distortable. 

(ii) As we mentioned in the Introduction it is not possible £ (N) to be a quotient of a H.I. space. 
What's more, it is not possible cq (N) , L 1 (A) to be isomorphic to a subspace of X* for X a H.I. 
space. 

Indeed, it is well known that if X* contains some of cq(N), L 1 (A) then d 1 (N) is isomorphic to a 
subspace of X which is impossible if X is a H.I. space. 

We pass now to prove the dichotomy that we mentioned in the Introduction concerning the 
quotients of H.I. spaces. 

Theorem 7.4. Let A be a Banach space. Then either i l (N) is isomorphic to a subspace of A or 
there exists B infinite dimensional closed subspace of A which is a quotient of a H.I. space. 

Proof. Suppose that l l (N) is not isomorphic to a subspace of A. Then by Gowers' Dichotomy 
Theorem (B) there exists Z subspace of A which is either a H.I. space or it has an unconditional 
basis. 

If the first case occurs then we have finished. 

In the second case, by James Theorem (0]), either Z is a reflexive space or it contains a subspace 
isomorphic to cq (N) . 



If Co (N) is a subspace of A then as we showed in Theorem 5.1 cq (N) is a quotient of a H.I. space 

and therefore we get the desired result. 

The remaining case is that of the space Z being reflexive. 



It follows from Theorem 4.2C that Z has a subspace B such that the set W in the space Xb is an 
a-thin subset of Xb and norming for a subspace of X* B isometric to B*. As we have seen before 



(Theorem 7.1) this implies that B is a quotient of a H.I. space so the proof is complete □ 



The next result is related to the factorization of linear operators between Banach spaces through 
H.I. spaces. 

We recall that a bounded linear operator T : X — > Y is a-thin if T[Bx] is an a-thin subset of Y, 
for a positive null sequence a = (a n ) neN . 

Theorem 7.5. If X , Y are Banach spaces and T : X — > Y is an a-thin operator then there exists 
D a H.I. space such that T is factorized through D. 
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Proof. Set W = T[Bx], which is by our assumption an a-thin subset of Y, where a = (a n ) neN is a 
positive null sequence. Denote by || || n the equivalent norm on Y defined by the Minkowski gauge 

of the set 2 n W + a n By ■ We assume the [A ni , ^-J -product of the sequence ((Y,\\ \\ n )) n£N which 



is by Theorem p.2| a block H.I. space. The diagonal space D of that d-product is by Proposition \2A 
a H.I. space and further on the ball of D contains the set W. Therefore the operator Q : X — > D, 
defined by Q (x) = T (x), is a bounded linear operator and T = j o Q, where j : D — > Y, is the 
natural inclusion map. □ 

Theorem 7.6. (a) For every r ^ p, 1 < r, p < oo and T £ C(£ r ,£ p ), T is factorized through a 
H.I. Banach space. 

This remains valid if one of £ r (N) , £ p (N) is substituted by Co (N) . 

(b) Every T £ C(£ r (N) ,£ p (N)) is factorized through a H.I. space. 

(c) The identity map I : L°° (A) — > L 1 (A) is factorized through a H.I. space. 

Proof, (a) and (b) follow from the above Theorem |7. 5| and Corollary |3.14 . 



(c) follows from the theorem above and Proposition £^ that asserts that B^ is an a-thin set □ 
The next result concerns the structure of C (X, X) for X a H.I. space. It was shown in [GM] that 



any such operator is of the form XI + S, where I is the identity map and S is a strictly singular 
operator. It is an open question if there exists a H.I. space such that every bounded linear operator 
is of the form XI + K where K is a compact operator .W.Gowers has constructed a subspace Y of 
Gowers-Maurey space X and an operator T : Y — > X which is strictly singular but not compact. 
In the next Theorem we show that there exists H.I. spaces X with "many " T : X — > X which are 
strictly singular and not compact. 

Theorem 7.7. There exists a H-I space X such that for every infinite dimensional closed subspace 
Z of X there exists a strictly singular operator T : X — > Z which is not compact. 



Proof. Let T3 denote the space T (A3 ni , — I then by Remark 3.9 the set W in Xt 3 is a a-thin 
set hence the diagonal space A defined by the set W and the connecting norm defined by the family 
A ni , — I is an H-I space that has as quotient the space T3. Given any Z closed subspace of A. 

Then there exists a normalized basic sequence in Z equivalent to a block subsequence (yj)i^i °f X. 
It follows for Corollary |6. 1€ that there exists a non compact operator S : T3 — > Z. If Q denotes the 



surjection of A onto T3 then S o Q is a non compact strictly singular operator from A to Z and 
the proof is complete. □ 

A by-product of our method is the following result related to £ P (N) (1 < p < 00) and Co (N)- 
saturated Banach spaces. First we recall their definition. 

Definition 7.1. A Banach space X is said to be £ P (N)— saturated (cq (N)-saturated ) if every 
subspace Y of X contains a further subspace isomorphic to £ p (N) (cq (N) ). 

Theorem 7.8. Let A be a reflexive Banach space with an unconditional basis . Then there exists B 
subspace of A such that for every p £ (1, 00) there exists X p £ p {H)— saturated reflexive space which 
has as quotient the space B. Further there exists cq (N) -saturated space with the same property. 
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Proof. It follows from Theorem 4.2C| that there exists B subspace of A with an unconditional basis 
such that the closed bounded symmetric set W in Xa is an a— thin set ,norming a subspace Y of 
X* A isometric to B* . We denote by 1 1 \\ n the equivalent norm defined on Xa by the set 2 n W+a n Bx A 
and by X n the space (X, \ \ \\ n ) . Then each X n is a reflexive space and we have the same property 
for the space {^n°=i® X n ) , 1 < p < oo . Since W is a thin set ,as follows from Proposition 
2.3 ,the diagonal space is £ P (N)— saturated and if we consider the space (Yl™=i@ X n ) Q then the 
diagonal space is also co-saturated .Also B* is isomorphic to a subspace of D*. Therefore B is a 
quotient of the space D and the proof is complete □ 



Remark 7.2. (a) It follows from the above Theorem that for every p,r S (1, oo) ,£ p (N) is a quotient 
of a reflexive l p (N) -saturated space. The result that £ 2 (N) is a quotient of a cq (N) -saturated space 
has been proved with a different method by D.Leung ( |Le| ). 

(b) It can be shown that also IP (A) , 1 < p < oo, Tsirelson's space T ,Schlumprecht's S are quotient 
of reflexive £ p (N) -saturated or cq (N) -saturated spaces 

We close this section by a list of questions related to our results. 

Problems 

1. Given X a separable Banach space not containing a subspace isomorphic to £ l (N). Is it true 
that X is a quotient of a H.I. space ? 

2. If X is an H.I space does there exist a Y subspace of X* which is a H.I. space ? 

3. If X is an H.I space does there exist a Y subspace of X such that Y* is a H.I. space ? 

4. Does there exists a bounded linear operator T : X — > Y which is strictly singular but not 
a-thin for every positive null sequence a ? 

5. Can the existence of quotient maps from H.I. spaces onto reflexive spaces be used for the 
solution of the distortion problem for general reflexive spaces ? 
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